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Law of large numbers guaranties that

v (t,x) = population density in x at time ¢ satisfies

V|i=0 =Vo xeR
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The field-road diffusion model

Generalisation in higher dimension is straightforward:
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> Until now, the population lived in a domain without frontier

> Simplest way to add boundary consists in cutting R:
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| Individuals behavior x=0 |
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Heat EQ in the half space

0;v = do,,v t>0, x>0
(*) GL”X:() — (1 — 9) (/E)r\r\“\ 0=0 t> O, x=0
V|i=0 = Vo x>0

Proposition (Fundamental solution of the half Heat equation)

The solution to the Cauchy problem () is given by :

v(t,x)= [ He(t,x,2)vo(2)dz with

Ry
Hy(t,x,2) =G (t,x—2z) + G (t,x+7) ife=0
H(t,x,2) =G (t,x—z) — G(t,x+7) ifo=1
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Heat EQ in the half space

0;v = do,,v t>0, x>0
(*) GL”X:() — (1 — 9) (/E)r\r\“\ 0=0 t> O, x=0
V|i=0 = Vo x>0

Proposition (Fundamental solution of the half Heat equation)

The solution to the Cauchy problem () is given by :

v(t,x) = [ He(t,x,2)vo(z)dz with
Ry
Erfc (2Adt +x+z2
Hy (t,x,z)=H; (t,x,2)+2G(t,x+z) | 1 —AV7dt ( ))
o100 =Hi (102)+26 (1.x-+2) (1 - avaan =T° (2495
where A = 8o, T(0)=e™  Ero(t) =2 [["eTd;,  0<0<1

v
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Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
Gv\y:o — (1 — 9) (/a\rl“y 0=0 t> O, x€R, y= 0
V]i=0 =vo xeR, y>0

Fourier transform on the variable x

Flt,))® =P85 = [ vie,vy)e s dx
\ Breaks 0y, m &2 %,&,y)

Laplace transform on the variable ¢

Elolcsml] (6) =5 e m9) = /;mv(l,x,y)es’dl

\ /\
Breaks a[ . atV (S,

X,y) =9 /v\(s,x,y) - V()(X,y>
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Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
Gv\y:o — (1 — 9) (/a\rl“y 0=0 t> O, x€R, y= 0
V]i=0 =vo xeR, y>0

x-Fourier/t-Laplace transform
3 o0 )
FL o, 0,9)] (5,8) =D(s,8,5) 1= / / v (t,%,y) e8I g1y
JRJO

\ Breaks 0; and 9, !
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Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
Gv\y:o — (1 — 9) (/a\rl“y 0=0 t> O, x€R, y= 0
V]i=0 =vo xeR, y>0

FL| A A
01V =d (0xxv+ 0yyV) 0V =d (v + 0yyv)
a3y, (s,8,3) — (s+dE)D(5,8,3) = 1o (€,3)

-~

Linear 2" order ODE
(variable is y)
(d, s and  play as parameters)
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Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
ev‘.\-:() — (1 — 9) (/()\—1"7\‘,() =0 t> O7 x€R, y= 0
V]i=0 =vo xeR, y>0

FL] A =
01V =d (0xxv+ 0yyV) 0V =d (v + 0yyv)
ﬁday}ﬁ<s7§7y) - <S+d§2>/v\(sa&7y) = _65 (f‘;,)’)

Solve —
\ | Linear 2" order ODE |

o 1 Y _ 6 oA
/‘>(S>§7y) = eV’ (Cl - m e Vvd va (Z‘,,(D)d(x))

te Va? (Cz +

exﬁ i i(x))dﬁ))
o= JiTIE 2W

2. How to find the solutions 65



The field-road diffusion model

Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
Gv\y:o — (1 — 9) (/a\rl“y 0=0 t> O, x€R, y= 0
V]i=0 =vo xeR, y>0

72l A

A
)

L doy v (s,&,y) — <s+d §2>/9(s,&,y) =00 (€,

Solve —
\ | Linear 2" order ODE |
N _
@ Constants wrt. y to be determined

o
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Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
Gv\y:o — (1 — 9) (/a\rl“y 0=0 t> O, x€R, y= 0
V]i=0 =vo xeR, y>0

FL] A =
01V =d (0xxv+ 0yyV) 0V =d (v + 0yyv)
/—dayy{’\(sa&a)’) - <S+d§2>/v\(sa&7y) = _65 (f‘;,)’)

Solve A
\ | Linear 2" order ODE |
4
A @ Constants wrt. y to be determined
v=0asy— +oo

(get rid of Tykhonov solutions)

@Robin BCaty=0
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Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
ev‘.\-:() — (1 — 9) (/()\—1"7\‘,() =0 t> O7 x€R, y= 0
V]i=0 =vo xeR, y>0

72l A

A
v =d 0V +0yyv) — > v =d (dv + 0yyv)
0 0(5,83)  (s+48)9s.5) = b (&)

Solve

| Linear 2" order ODE |

. / e )
+

— 7 (y+o)
Vd'
—zA\/Ee—) 7 (&, 0) do
o= ot ad 6(0+A\/c7>
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Heat EQ in the half space

0V =d (v +0yyv) t>0, xeR, y>0
Gv\y:o — (1 — 9) (/a\rl“y 0=0 t> O, x€R, y= 0
V]i=0 =vo xeR, y>0

FL| A A
01V =d (0xxv+ 0yyV) 0V =d (v + 0yyv)
a3y, (s,8,3) — (s+dE)D(5,8,3) = 1o (€,3)

-~

| Linear 2" order ODE |

“Only” remains then to take the inverse Fourier/Laplace transform...

v(t7x7y):AR 2 He(l,x,y,Z,OJ)VO(Z,(D)dZdQ)
+
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Heat on the field-road model

;v = dAv t>0, (x,y) e Rx R’ ) . (x,y) € R x R"
—doyv|y—o = pu — Vv|y—g >0, xeR { L/l" 0 -~ u() : .”\x cR f
Ot = DOyt +Vv|y—o — e t>0, xeR. =0=H0 . '
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Heat on the field-road model

;v = dAv >0, (x,y) e Rx R’
—doyv|y—o = pu — Vv|y—g t>0, xeR { V=0 i Yo (.x.»\)‘ € ]ili xRy
Ot = DOyt +Vv|y—o — e t>0, xeR. ule=0 = uo YER.

Theorem (Alfaro, Ducasse, Tréton, 22’)
(Solution of the field-road diffusive model)
The solution to the latter Cauchy problem is

v(t,x,y) =V (t,x,y)+ /A (t,2,y) uo (x—z) dz

w//Aszy Vl]y=o (t —s,x—2) dzds,

u(t,x) = e*‘”U(t,x)—i—V/ eHi=s / G(t —s,x—2) v|y=0(s,2) dzds
0 R ’

2. How to find the solutions !
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Heat on the field-road model

;v = dAv t>0, (x,y) e Rx R’ B )
—doyv|y—o = pu — Vv|y—g t>0, xeR { Y “’ 0 -~ Yo (.x.»\). g ]ili xR}
Ot = DOyt +Vv|y—o — e t>0, xeR. Uli=0 = Up * :

Theorem (Alfaro, Ducasse, Tréton, 22)
(Solution of the field-road diffusive model)
The solution to the latter Cauchy problem is

v(t,x,y) =V (t,x,9)H /A t,2,y) up (x—z2) dz

\/j//AszyIVb o(t—s,x— zldzds

u(t,x) :ewa(t,x)—i—V/ o Hlt=s /RG(t—s,x—z) V|y—0 (s,2) dzds

0

where V =V (¢,X) is the solution to the Cauchy problem
atV:dAV, l‘>07 xER7 y>07
VVly—0 —ddyV|y—0 =0, t>0, xcR,
Vli=o0 = vo, xeR, y>0,

2. How to find the solutions



The field-road diffusion model

Heat on the field-road model

;v = dAv >0, (x,y) e Rx R’
—doyv|y—o = pu — Vv|y—g t>0, xeR { V=0 i Yo (.x.»\)‘ € ]ili xRy
Ot = DOyt +Vv|y—o — e t>0, xeR. ule=0 = uo YER.

Theorem (Alfaro, Ducasse, Tréton, 22’)
(Solution of the field-road diffusive model)
The solution to the latter Cauchy problem is

v(t,x,y) =V (t,x,y)+ /A (t,z,y) uo(x—z2) dz
w//Aszy Vl]y=o (t —s,x—2) dzds,

— U0 VA ol /RG(t—s,x—z) Vy—o (5,2) dzds

h
where U = U(t,x) is the solution to the Cauchy problem

U=Dd, U, >0, xeR,
U0 = uo, x€R,

2. How to find the solutions



The field-road diffusion model

Heat on the field-road model

;v = dAv >0, (x,y) e Rx R’
—doyv|y—o = pu — Vv|y—g t>0, xeR { V=0 i Yo (.x.»\). € ]ili xRy
Ot = DOyt +Vv|y—o — e t>0, xeR. ule=0 = uo YER.

Theorem (Alfaro, Ducasse, Tréton, 22’)
(Solution of the field-road diffusive model)
The solution to the latter Cauchy problem is

v(t,x,y) =V (t,x,y)+ /A (t zy) ug (x—z) dz
A(s,2,y) V]y=o (t — s,x—2) dzds,
v =0 (1= 5,52
u(t,x) = ewa(t,x)—i—V/ e =) [1G(t —s5,x—2) Iv\y:o (s,2) dzds
0 R :

where

= G (t,x) denotes the one-dimensional D-diffusive Heat-kernel :

2. How to find the solutions
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Heat on the field-road model

;v = dAv >0, (x,y) e Rx R’
—doyv|y—o = pu — Vv|y—g t>0, xeR { V=0 i Yo (.x.»\). € ]ili xRy
Ot = DOyt +Vv|y—o — e t>0, xeR. ule=0 = uo YER.

Theorem (Alfaro, Ducasse, Tréton, 22’)
(Solution of the field-road diffusive model)
The solution to the latter Cauchy problem is

v(t,%,y) =V (t,%,y) + —= i A(t,z,y)|uo (x—z2) dz

+ﬁ/0 /A A(s,2,9)|V |y=0 (t — s,x —2) dzds,

t
u(t,x) = e MU (t,%) + / o H=9) / Gt — 5,5 —2) Vlyo (5,2) dzds
0 R ’

where

2

e 4di

A(t,x,y) = -

/]RN , [aaq)a+bﬁq)ﬁ+c. q)“{} (t,€,) e—dt?éz—o—i&,.x dE,

2. How to find the solutions
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Heat on the field-road model

;v = dAv >0, (x,y) e Rx R’ )
—doyv|y—o = pu — Vv|y—g t>0, xeR { V=0 -~ Yo (.x.»\). € ]% xRy
Ostt = DOyt + V| y—0 — it t>0, xeR. ule=0 = uo YER.

Theorem (Alfaro, Ducasse, Tréton, 22’)

(Solution of the field-road diffusive model)

2

e 4di

A(t,x,y) = -

/ {awba+bl3¢5+c CDY} (t,é';,y) e—dté2+i§x dE,
RN-1
> (o, B,7) = (a, B,7) (§) being the three complex roots of the 8-indexed polynomials

5
Ps(c):c3+%c2+(y+5)c+\vﬁ—d, with 8 = (D —d)E2,
1 1 1

> =@ Py "= S o Y o &

> B, (1,5,y) = 0 (2'2\/\/;77’+y)

r
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> Diffusion provokes extinction of the population by spreading
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> Diffusion provokes extinction of the population by spreading

A

3. Magnitude of the diffusion 79



The field-road diffusion model

> Diffusion provokes extinction of the population by spreading
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The field-road diffusion model

> Diffusion provokes extinction of the population by spreading
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The field-road diffusion model

> Diffusion provokes extinction of the population by spreading
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The field-road diffusion model

> Diffusion provokes extinction of the population by spreading

Question : How fast is the extinction ? w
* Lo
TN Y —— 7Y
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The field-road diffusion model

> Diffusion provokes extinction of the population by spreading

Question : How fast is the extinction ? w
RN 7N VR
A —0—

> We look at the max in space

3. Magnitude of the diffusion 84



The field-road diffusion model

> Diffusion provokes extinction of the population by spreading

Question : How fast is the extinction ? w
RN 7N VR
A —0—

> We look at the max in space and expect that

C
vl <
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The field-road diffusion model

> Diffusion provokes extinction of the population by spreading

Question : How fast is the extinction ? w
RN 7N VR
A —0—

> We look at the max in space and expect that

C
vl <

. Large kK means aggressive diffusion

@ Small k means nice diffusion
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The field-road diffusion model

> Classical example: { dv=dAv t>0, (x,y)eR?
V]r=0 = vo (x,y) € R?
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The field-road diffusion model

> Classical example: { dv=dAv t>0, (x,y)eR?
V]r=0 = vo (x,y) € R?

v (,2,9)[ =G (2, ) *vol (x,y)
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The field-road diffusion model

> Classical example: dv=dAv t>0, (xy)€ Rz
V][i=0 = Vo (x,y) €ER

| H; d\ﬂ
e LX)
4mdt 0

]v(t,x,y)]:|G(t,o)>|<v0\(x,y): ()C,y)
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The field-road diffusion model

> Classical example: { dv=dAv t>0, (x,y)eR?
V]r=0 = vo (x,y) € R?

I _le)?
]v(t,x,y)]:|G(l,o)>|<vo\(x,y): 47Cdte A% vo ()C,y)
P L
<= g vol| 1
Amdt [
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The field-road diffusion model

> Classical example: dv=dAv t>0, (xy)€ Rz
V][i=0 = Vo (x,y) €ER

I _le)?
]v(t,x,y)]:|G(l,o)>|<vo\(x,y): 47Cdte A% vo ()C,y)
P L
<= g vol| 1
Amdt [
c(d,|[vollp1)
Iy el < == 1
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The field-road diffusion model

> Outcomes for our problems :

Decay rate

>

<— Nice diffusion Aggressive diffusion —
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1 Decay rate

>

<— Nice diffusion Aggressive diffusion —
Heat whole R?

Half heat R x R* Neumann
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The field-road diffusion model

> Outcomes for our problems :

1
1 1+5 Decay rate
! e
<— Nice diffusion . Aggressive diffusion —
Heat whole R2 -
Half heat R x R* Neumann

Half heat R x R* Dirichlet
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1 1+5 Decay rate
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Heat whole R2 -
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The field-road diffusion model

> Outcomes for our problems :

Decay rate

>

Aggressive diffusion —

N[ —

l-¢—1 1

<— Nice diffusion

Heat whole R?

Half heat R x R* Neumann

EEEEEEEE NN . +

Half heat R x R* Dirichlet

Half heat R x R*+ Robin

Field-road model
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The field-road diffusion model

> Outcomes for our problems :

l—¢——1 1+3 Decay rate
} ! >
<— Nice diffusion . . Aggressive diffusion —
- | Heat whole R?
Half heat R x R* Neumann

Half heat R x R* Dirichlet

/~ F|eld-roa_d model Half heat R x R* Robin

1Ge(t, ) vty g < ERATD

¢

=
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> Adding births and deaths
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The field-road diffusion model

> Adding births and deaths

Reaction

{ ov= dAv + f(v) t>0, (x,y) € R?
vl=o =vo (x,y) €R?

Y
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The field-road diffusion model

> Adding births and deaths

Question : Persistence or extinction ?
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The field-road diffusion model

> Adding births and deaths [ 9,v = dAv+ f(v) >0, (x,y) € R?
V|i=0 = Vo (x,y) € R?

Logistic f(v)=v(1—v)
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> Adding births and deaths [ 9,v = dAv+ f(v) >0, (x,y) € R?
V|i=0 = Vo (x,y) € R?

Logistic f(V> =V (1 - V) e /—\Maximal growth rate

at low density
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The field-road diffusion model

> Adding births and deaths [ 9,v = dAv+ f(v) >0, (x,y) € R?
V|i=0 = Vo (x,y) € R?

Logistic f(V> =V (1 - V) e /—\Maximal growth rate

at low density

\ Reaction always wins:

Systematic invasion

4. Perspectives



The field-road diffusion model

> Adding births and deaths [ 9,v = dAv+ f(v) >0, (x,y) € R?
V|i=0 = Vo (x,y) € R?

Monostable f(v) =v!*" (1—v)
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> Adding births and deaths [ 9,v = dAv+ f(v) >0, (x,y) € R?
V|=0 = Vo (x,y) € R?

Monostable f (v) =ylt (1—v) .v
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The field-road diffusion model

> Adding births and deaths [ 9,v = dAv+ f(v) >0, (x,y) € R?
V|i=0 = Vo (x,y) € R?

Monostable f (v) =ylt (1—v) .v

\ Reaction may lose...
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The field-road diffusion model

v = dAv + v (1 —v) t >0, (x,y) € R?
V]t=0 = vo (x,y) € R?

Theorem (Aronson, Weinberger, 78’)

Let pr:= 1, then

\ Soft Allee effect \ if 0 < p < pr, the invasion is systematic,

|Hard Allee effect |if p > pr, there are some “small enough” initial data
which shall become extinct
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The field-road diffusion model

v = dAv + v (1 —v) t >0, (x,y) € R?
V]t=0 = vo (x,y) € R?

Theorem (Aronson, Weinberger, 78’)

Letipr := 1] then

| SofifAllee effect |if 0 < p < pr, the invasion is systematic,

|Hdrd Allee effect |if p > pr, there are some “small enough” initial data
wrfch shall become extinct

k} straightly comes from ||v(z,-)||;» < —
¢!
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The field-road diffusion model

Open question: can we find such a result for

ov=dAv+ [vIT7 (1 —v) t >0, xeR, y>0
—doyv|y—o = pu —Vv|y—o t >0, xeR, y=0
Ost = DOt + Vv |y—o — pu t>0, x€R

now we know the decay rate of the diffusive field-road model ?...
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The field-road diffusion model

Thanks for your attention!

Matthieu Alfaro Romain Ducasse
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