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Introduction

In that Master’s thesis, we shall deal with the so-called Reaction-Diffusion Equations.
These are being used in a large range of fields such as chemical reactions studies, flame
propagations, evolution of some heated environment, neutron-scattering theory, genetics,
epidemiology... The discusion here points towards the population dynamics framework;
we therefore shall consider some groups of individuals evolving from an initial condition
over time and space due to their borns, deaths, and displacements. As an applied
mathematical domain, our aim is to present some concrete results in order to build
some explicit links between this report and the study of ecology. That’s why we mainly
shall wonder whether the species under consideration will be extinct in long time or
persist and invade the space. This report is divided in three main parts:

o In first part, we discuss on Reaction-Diffusion Equations in the whole RY space.
It is an occasion to present to the reader a fiew kinds of reaction functions used in
population dynamics and to show some classical results such as the Hair Trigger
Effect theorem for Fisher-KPP reactions or the Aronson and Weinberger’s one.

e Second part consists in an presentation of the Field-Road model proposed in the
article of Berestycki et al. in the paper [4] published in 2018. That pattern allows
to induce some “fast diffusion channels” which modelises some faster displacements
of individuals along a certain axe (the Road) compared to the rest of the domain
(the Field). A fiew examples — like the one of the canadian wolfs — that justify
the need to developp such a pattern are given in the begining of the part. One
adapts then, following the paper of Berestycki et al., the classical Hair Trigger
Effect theorem for Fisher-KPP reaction to that Field-Road model and one finally
deals with some asymptotic spreading speed results.

o The third and last part contains some elements of research on the Berestycki et
al. Field-Road model: by introducing an Allee effect on the reaction term that
acts on the Field, our goal is to achieve an equivalent theorem of the Aronson
and Weinberger’s one in the Field-Road case. To do that, we have to follow the
thread of the proof of that theorem in the classical RY space which finally brings
us to consider the heat equation for that Field-Road system. As far we know, no
such development has been done in the litterature yet. To approach that issue
one has firstly simplified the problem by only considering the heat equation on
an half space provided with some homogenous Robin boundary conditions; such
conditions constitute actually a key aspect of that Field-Road model which is
then paramount to sharply understand before any further considerations.
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Finally, we end this report with some additionnal content, that is

some pieces of code in Scilab and FreeFem for numerical implementation,

a toolbox for technical results,

the bibliography,

the correspondances to the notations used in the whole document.

If it may help him/her, the reader will also find an index of the principal notions in the
two last pages.

Wish you a nice read!
ST.




PART 1

Reaction-Diffusion Equations in R

I.1 Reaction

We shall deal in this section with some non-spatial models. Considering a given
population evolving over time and let u () € R, denote the size of that population
F)at time ¢ > 0. We suppose here the temporal evolution of the amount u (¢) is
deterministically lead by a reaction function f : R — R wvia the following autonomous
ODE:

u' (t) = f (u(t)).
Coupling the latter with some initial datum

U(O):U()ZO,

we obtain a Cauchy problem.

The aim of this section is to recall some general and useful results about ODE
theory and to introduce the most classical examples used for the reaction function f in
population dynamics.

I[.1.1 ODE: general and useful results

Let thus consider the following Cauchy problem:

{ Z/((g)) : gofu (1)) t € (0;00) (1)

where f € C° (R, R); we start by recalling the notion of solution for this problem.

& u (t) may also be the population density, assuming the latter is homogeneously distributed in
space.
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Definition 1 (Cauchy problem solution)

One calls a solution of (I[I)) each couple “validity-interval/function” ([0;T),u) such
that

o T €RY U{+00}, and
e« ueCH([0;T),R) satisfies

— first line of (I[I)) for all ¢ € (0;T),
— second line of (I[]).

A solution of (Ifl]) is said global if T = +o0.

We now announce the Cauchy-Lipschitz theorem which is the starting point of
the ODE theory. It gives us, under relatively weak assumptions on the function f, an
existence and uniqueness result for (I[1)).

Theorem 2 (Cauchy-Lipschitz)
Consider the Cauchy problem (I[]).

1]If f:R - Ris

e continuous on R,

e locally Lipschitz continuous on R,

then (I[I) admit a unique maximal solution ([0;7),u) in the sense that whether
([0;T7) , u1) is another solution of (I[T)) with the same initial datum, we necessarily get
T <T.

Assume moreover we know a priori that
o there exists I C R such that u (t) € I for all ¢ > 0,
e fis globally Lipschitz continuous on I,

then the solution ([0;7"),u) given by |1 ]is actually global.

Remarks.

» Two different solutions of v’ = f (u) never “cross”.

e If u and v are solutions of (I. with respective initial datums uy < vy, then
u(t) <w(t) forall t > 0.

Proposition 3 (Sufficient conditions for Lipschitz continuity)
eLet I CR, assume f € C! (I,R), then f is locally Lipschitz continuous on 1.

o If f’ is moreover bounded on I @, then f is globally Lipschitz continuous on I.

@ It is the case as soon as I is compact.
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Hypothesis 1: We suppose from here that f € C' (R, R).

Definition 4 (Equilibrium point)
A point ug € R is said an equilibrium point for the ODE v’ = f (u) if f (ug) = 0.

Remarks.

o If ug is an equilibrium point for ' = f (u), then u = ug is the unique global
solution starting from ug.

o lfup < ug, are two equilibrium points for ' = f (u), thenforallup_ < vy < ug,,
the solution u starting from wug is global and verifies up < u (t) < ug, for all
t>0.

o In population dynamics, it seems realistic to choose the reaction function f such
that 0 is an equilibrium; from one part because the initial datum uy, = 0 naturally
leads to u = 0 and from another part because it creates without artifice a barrier
between positive and negatives values of u (u < 0 is devoid of physical meaning).

o If all equilibriums points of v’ = f (u) are isolated, then, thanks to f € C!, the
solutions are either constant (if the initial datum is an equilibrium) or strictly
monotonous (if the initial datum is between two successive equilibriums).

According to the last remark, one distinguish two kinds of equilibrium points
according their stability:

o asymptotically stable equilibriums: there exists a neighbourhood of the considering
equilibrium point such that each solution starting from this neighbourhood is
global and converges to the equilibrium as ¢ tends to +oo.

e not asymptotically stable equilibriums: all equilibrium points which are not asymp-
totically stable.

Theorem 5 (Linearization around equilibrium points)
Assume f € C?(R,R) and let ug € R be an equilibrium point for the ODE «' = f (u).

o If f'(ug) <0 then ug is asymptotically stable.

o If f'(ug) > 0 then ug is not asymptotically stable.
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A Asymptotically
stable equilibrium

> 1

AVANAN
\///

Not asymptotically
stable equilibrium

Figure F1 — Illustration of two equilibrium points for v’ = f (u) represented in blue.
The graph of f has been drown in red. Imagine an initial point ug on the u-axis, then
this point moves over time, to the left if f < 0 and to the right if f > 0.

Remark. Under the assumptions of theorem [f], the case f’ (ug) = 0 is a degenerate
one and does not allow us any conclusion. To be convinced, see for example figure (F2)
below.

f+ (u) f- (u)
A A

Figure F2 — Two examples which do not fall within the scope of theorem [5 Let us
take f1 (z) = £ 3, then ug = 0 is an equilibrium point but f). (0) = 0. Therefore, no
conclusion is possible: as one sees on the figure, ug is asymptotically stable for
u' = f_ (u) but not for u' = f, (u),

I[.1.2 Classical examples for the reaction function f

We present here some examples of reaction functions used in population dynamics. For
this purpose, we are especially based on the books of Roques [15] and Cantrell and
Cosner [5]. Before going into details, we start by giving the definition of growth rate
per capita which is an important notion to describe a model of reaction.

Definition 6 (Growth rate per capita)

One calls growth rate per capita of the reaction function f the amount

[ f@ /e a0
T { £/ (0)  otherwise.
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Remarks.
o The growth rate per capita assess the average growth rate for a single individual.

o At first sight, it might be surprising to set 77 (0) = f’(0); but it is actually not.
Indeed, under the assumption f (0) = 0, we have

1 (0) zlimf(0+u)_f(0) = lim 74 (u) ,

u—0 u u—0

i.e. f'(0) is none other than the extension by continuity of 7y in u = 0.

Linear model

The first model we shall discuss on has been formulated by Malthus in 1798 who thought
[10] that human population was exponentially increasing due to the fact that number
of births and deaths was in proportional relation with population size. Thereby, the
reaction function given by this model is defined by

f(u) = ru,

where the constant » € R denotes the growth rate per capita 7; whose sign set the
growth (r > 0) or the decay (r < 0) of u. This model supposes natural resources
@unlimited which may turn out to be unrealistic for large values of u. Indeed, we
observe a posteriori that there exists an intraspecific competition for natural resources
which strongly influence individual’s births and deaths when u tends to be large. Thus,
because of these interactions, number of births and deaths cannot stay linear with
respect to u for high values of this one.

Logistic model

In order to take into consideration the intraspecific competition we noticed above, the
mathematician Verhulst suggested around 1840 [16] that the growth rate per capita was
a decreasing affine function — and not a constant function as it was supposed in the
Malthus model. We thus pose

q(u)zr(l—}u(), (r, K >0).

In that way, the growth rate per capita is maximal for v = 0 and becomes all the more
low as u becomes large due to competition between individuals. This leads to that
expression for the reaction f:

b Available space, feed, etc.
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We may notice that up = K is an asymptotically stable equilibrium point for v’ = f (u);
that value is called the carrying capacity and depends on the available natural resources
and on the ability of individuals to share these resources.

Maximal growth

7y (1) rate per capita I (u)
Carrying Carrying
capacity capacity
/ S NN //
>y r a4 77N >y

Figure F3 — Logistic model : on the left, the growth rate per capita which is maximal
when u = 0. On the right, the reaction function f.

KPP hypothesis versus Allee effect

In fact, the logistic reaction fits into a more general group of models which stand out
by satisfying the following hypothesis:

Definition 7 (KPP hypothesis)
We say that the reaction f satisfies the KPP hypothesis if the next inequality is verified:

f(u) <uf’(0) Yu > 0.

Remark. The KPP hypothesis can also be defined as follows: f verifies the KPP
hypothesis if and only if the growth rate per capita 74 (u) is maximal when u = 0.

A

Figure F4 — Illustration of KPP hypothesis: the graph of f cannot enter in the
shaded area.

With the intention of finding models even closer to reality, one can notice that the
interactions between individuals do not only occur as intraspecific competition but also
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as mutual self-help whose absence might be prejudicial for the population development.
These mutualist interactions or their absences () may lead to

o some hurdles to growth for small populations caused for example by

— consanguinity,
— difficulties in finding a sexual partner,

— lower resistance to extreme weather phenomena,
» more facilities to growth for larger populations due for example to

— genetic mixing,
— cooperative hunt,
— group of defence,

— higher resistance to extreme weather phenomena.

This consideration brings us to touch on the notion of Allee effect that we define now.

Definition 8 (Allee effect)

One says that the reaction function f owns an Allee effet if its growth rate per capita
77 (u) is not maximal for u = 0.

If f owns an Allee effect and satisfies moreover 77 (0) < 0 we talk about strong Allee
effect; otherwise the Allee effect is qualified weak.

Remark. The both properties
“to own an Allee effect”

“to satisfy the KPP hypothesis”

are antagonistic each other.

Monostable degenerate model

The model we shall show here owns a weak Allee effect. Let us take the following
reaction function:

f(u) =ru't? (1—;), (r,p, K > 0).

We easily assess the growth rate per capita associated:

7r (u) = ru” <1 — ;é)

whom maxima is achieved for w = Kp/(1 + p) > 0.

¢ Described for the first time by Allee in 1931 [I] and whom one finds a depth study in the
Courchamp’s book [6].
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Maximal growth

7y (1) rate per capita f ()
Carrying Carrying
capacity capacity

Figure F5 — Monostable degenerate model (weak Allee effect) : on the left, the
growth rate per capita which is not maximal when u = 0, i.e. there is an Allee effect;
furthermore, 74 (0) = 0 is non-negative whence the Allee effect is a weak one. On the

right, the reaction function f.

Remark. The value p measures the intensity of the Allee effect:
o p=0: no Allee effect (it is the logistic case),
e p < 1: less intense Allee effect,

e p> 1: more intense Allee effect.

Bistable model

The last model we present in this section is the bistable one. It is a classic example to
illustrate some strong Allee effect. The form of the reaction function f is of this type:

f(u)zru(l—}é)(u—p), (r, K >0, 0<p<K).

The parameter p(EI) is a threshold demarcating extinction and persistence of the popula-
tion in the following mean: consider the solution of the ODE u' = f (u) starting from
the initial datum uy > 0, then two cases are possible.

o If 0 <wug < p, then u tend to 0 as t tends to +oo, i.e. the population becomes
extinct.

o If ug > p, then u does not tend to 0 as ¢ tends to +o0, i.e. the population persists.

The growth rate per capita is given by

= (1 2w

which is maximal when v = (K + p) /2 > 0.

4 Which is also a not asymptotically stable equilibrium point for u’ = f (u).

10
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~
=

() Maximal growth

A rate per capita A Carrying
/ Carrying capacity
/ capacity /
—0 Paligl < . ——>— <> u

Figure F6 — Bistable model (strong Allee effect) : on the left, the growth rate per
capita which is not maximal when u = 0, i.e. there is an Allee effect; furthermore,
77 (0) < 0 whence the Allee effect is a strong one. On the right, the reaction function f.

1.2 Diffusion in RY

Now that we have presented non-spatial reaction models which simulate the population
size evolution, we approach the spatial problem of diffusion which modelize population
spreading in space. Let € be an open set of RY with N € N*, X € Q and t > 0; the
amount u (¢, X') denotes from here the population density on place X at time t. We
shall consider in this whole section the diffusion equation otherwise called heat equation

oyu = dAu,

whose we begin by motivate the use.

I[.2.1 Diffusion equation obtaining via random walks

An intuitive way to introduce diffusion phenomenon in population dynamics is through
random walks. We get place in the sequence in R? but the entire reasoning is valid in
RY. Let us consider a single individual moving every step of time 67 > 0 on a discrete
grid dipped in R? whom distance between each pair of adjacent points equals dg > 0.
From a position (z,y) on the space grid at discrete time ¢ > 0, the individual owns two
degrees of freedom to move the distance dg until the next instant ¢ 4+ é;: up/down and
left /right. The direction borrowed among the four possible is randomly chosen in an
independent way of the previous moves and all the directions have the same probability
to be taken — equals therefore 1/4. The situation has been summarized on figure (H7)
below.

11
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gy S
-

t t + or T1me

Figure F7 — Sketch of the individual motion — represented in blue — during the
random walk at times t and t + ér. Starting from the state drawn in left, at time t,
there are four equiprobable places where the individual may be at the next discrete

time. Each possibility has thus a probability of 1/4.

Let now (x,y) on the space grid and a discrete time ¢t > 0. We note p (¢, x,y) the
probability that the individual take place in (x,y) at time ¢. Thus, we have
1
pt+or,ay) =1 (p(t.a+3s.) +p(ta—dsy)
+p(t,2,y+65) +p(t,2,y — 5s) )
whence

p(t+op,z,y) —p(t,e,y) 1
op T 4y

(p(t, 2+ ds,y) = 2p (t, 2,y) + p (t, = — 65,1)
+p(t, 2,y + 0s) = 2p (t,2,y) + p (t, 2,y — 3s) ).

Let d > 0, by assuming

0 g b
467 467 6
we get
p(t+oray) —pltey) _(ptrtdsy) —2ptzy) +p(te—0sy)
op 02
p(tz,y+ds) = 2p(t,x,y) +p(t,z,y— 55))
- 52

Finally, one takes the limit (f) when ds and d7 tend to 0 while preserving the ratio
d = 6%/ (467); we obtain the heat equation we sought

ﬁtu = dAu.

¢ As it is done in the book of Okubo et al. [12], section 5.3 pages 133-134.

12
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I.2.2 Diffusion equation with initial datum

Coming back to the N-dimensional case, we consider now the Cauchy problem associated
to the diffusion equation

Oyu = dAu (t, X) € (0;00) x RN
{U(UyX)Zuo(X) X e RV, (L2)

where ug € LP (RN) with 1 < p < o0.

Solving Cauchy problem by Fourier transform

Assume as just said above that N = 1 and p = 1, we are going to use Fourier transform
@to find a solution u (which we suppose existing) of (I. In the course of this
development, we will make some assumptions on the solution — these assumptions can
be verified later. Suppose first u € L' (R) in order to use the Fourier transform. Let for
(t,x) € [0;00) X R,

a<t7§) =u (ta ‘) (5) .
By assuming that d,u and 9,,u are in L' (R) too, we can permute the Fourier transform
and the derivative and thus the first line of (I2) becomes

Thanks to | 5] (page |117)) it comes that 4 satisfies the following ODE-Cauchy problem
where ¢ states as a parameter:

@ (4,6) = —deta (16)  te (0;00)
{ 2(0.€) = iy (€) (ra)

One solves the ODE of the latter problem, we get
@ (t,€) = dio (€) e,
We use then |4] (page [117) with a = 1/ (4¢):

169 =67 | e (-2 )] ©

Let us call
that K(t,e).

One knows by [2] (page [117)) that the Fourier transform of a convolution product equals
the pointwise product of the both Fourier transform, so

W(t,§) = F [K(t, o) *uo] (£).
By finally exploiting the inversion formula |3]| (page [L17]), we obtain
u(th) = [K (tv ') *UO] (I) )

and it is now easy to check that our assumptions on u were correct.

f'See the section “Fourier transform” (page [117) in the Toolbox part. The boxed numbers
, S refer to the five properties bearing on the Fourier transform properties.

13
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Heat kernel on RY

The function K defined above by

1 x?
K(t,x) = exp | ——-
(t,2) Vamdt P ( 4dt>
is called the heat kernel on R. This function owns a few remarkable properties:

o K verifies the heat equation with “initial datum” dy: the Dirac delta in 0.

o K is smooth in space for all time ¢ positive, thereby the solution u inherits this
property by convolution, even if u was not continuous at initial time. One calls
this phenomenon the reqularizing effect of the heat equation.

o K is positive for all time t positive. Again this property is also verified by the
solution u thanks to the convolution, even if u was compactly supported at initial
time. In the case where u( is compactly supported, one says that the support of
u spreads at infinite speed.

t =0.005 t=0.1 t=20.5
Figure F8 — Snapshots of the the heat kernel on R at three different times.

Definition 9 (Heat kernel on R")

Let N € N*, one calls the heat kernel on RY the function K : R} x RY — R defined
by the following

_ 1! |XJ?

Figure F9 — Snapshots of the the heat kernel on R? at three different times.

14
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Remark. The heat kernel on RY is an approzimate identity in the following sense:
 For all positive time ¢, K (¢, «) is positive.
« For all positive time ¢, || K (£, o)/ 1@y = 1.

o Forall 6 >0,
lim K (t,X)dX =0.

=0 J1x|>6

The approximate identity is used for regularize by convolution.

Cauchy problem solution

One comes back to the Cauchy problem (I. of the diffusion equation in RY (N € N¥)
provided with the initial datum uo € L? (RN ) (1 < p < o0). This problem is actually
ill-posed because of the non-uniqueness of the solution. Indeed, take for example N = 1,
d = 1 and ug = 0, then the intuitive solution with such an initial datum should be
u = 0 (no population at initial time implies no population at any time). However, one
can create another solution which satisfies the same problem by posing f (t) := e~/
and taking .

e’} n 2n

> S OL Y

(2n)!

0 otherwise.

Despite this, we can get rid of the “bad” solutions whether we suppose a priori that the
solution u does not increase too fast as | X| tends to co. That is, by being more formal,

u(t,X)] < Aexp (a|X[*),  Y(t,X)€ (0;00) xRY  (IH)

where A and a are real positive numbers. In the sequel, we shall work under this
assumption in order to there only remains the one “physical solution”. Thereby by
“solution of (I[2)” we mean “solution of (I2) which does not increase too fast”.

Hypothesis 2: u does not increase too fast in the sense given by (I.

& Find out by Tychonoff (1935).

15
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Theorem 10 (Solution of the diffusion Cauchy problem)

Let Ne N*, 1 <p < oo, uy € L? (RN). Then there exists a unique solution of the
diffusion Cauchy problem (I[2) which is given by

ug (X) otherwise.

u@,X)—{

This solution owns the following properties:

+ [Bmootines] u € € (0500) x B,
o |Integrability | u (t, ) € L? (]RN) for all ¢ > 0 and

— if p # oo then u (¢, o) %uo,
— if p = 0o and wug is moreover continuous on RY, then
- u € C([0;00)) x RY; in other words, u is continuous in ¢ = 0,
cu(t, X) < lugl| ;o for all (¢, X) € [0;00) x RY,
— if p=1 then
At )l = luolls for all £ >0,
cw (8, X) < (4rdt) ™2 ||ugl| 2 for all (£, X) € [0;00) x RY.

. Let w and v be the solutions of (I. with the respective initial

datums ug and vy,

— if ug < vp on RY then u < v on (0;00) x RY,

— if ug < vy on RY and ugy Z v, then u < v on (0;00) x RV,

Remark. An important side of the diffusion equation is the mass conservation. The
purpose of diffusion equation use is to model the movement of individuals in space; thus
this tool should not change the population size — this role is played by the reaction
presented in the previous section. One calls the population mass at time ¢ > 0 the
amount M (t) := [[u (¢, s)||1gn)- In population dynamics, it sounds acceptable to

take a population with a finite positive initial mass, that is M (0) def [[woll 1 mvy < 00,

ie uy € L (]RN ) Then, thanks to the properties on v announced in the above
theorem, we get M (t) = M (0) for all ¢ > 0, i.e. population mass does not change
over time. Let us give a proof of this point for the one-dimensional case; we take some
stronger assumptions than announced in the theorem by supposing the initial datum
also non-negative and compactly supported — note that these additional guess are not
embarrassing in the context of population study.

16
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Proof (Mass conservation)

We work here in the space R. Assume as previously advertised that uy € L' (R) is
a compactly supported non-negative function. We start by computing the two first
derivatives in space of the heat kernel, there comes

0. K (t,x) = C (d,t) x exp (—2>

2 332

x
Ot 1) =€ ) (1= 5 o (=)

where (' and C5 are two functions which do not depend on x. Let u be the solution of
(I]2) with initial datum ug given by the theorem ([10), one has

Opatt (t,2) = Opye ([KX (t, 0) % ug] () = [Opz (K (¢, @)) * ug] ().

We check now whether dyu (¢, o) is in L' (R) which will allow us to permute the partial
derivative in time and the integral. Let ¢t > 0,

/@Mmmmz/u@ﬂ@@mx
R R

R JR
=d / / Ove K (t, 2 — y) up (y) dy dz
R Jsupp(u)

then by Fubini’s theorem,

/ |Oyu (t, )| de < d / Ug (y)/ Ope K (t,x — y) dx dy
R supp(u) R

/ / Opa K (t, 2 — y) dz dy|
supp(u) /R

0, K (£, o d
o 1055 1y

= dmax (o) [|0ra I (L, )| L1 gy [supP (w)]

< dmax (ug)

= dmax (ugp)

< oQ.

Therefore we have
Ol (8, )lgsqzy = 0 [ u(t, o) de
:/Ratu(t, o)dx

= d/Ramu (t,o)dx
= d [0yu (t, +00) — Oyu (t, —00)]
=0.

17
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Thereby, [lu (2, ¢)|[,1 g i3 constant with respect to the time and we get thus

1wt 1y = luoll L1 gy

for all t > 0, that is what we were aiming for.

1.3 Reaction-Diffusion in RY

We now combine the reaction equation (non-linear ODE) with the diffusion one (linear
PDE) in RY which brings us to the reaction-diffusion equation in RY (non-linear PDE):

Ou = dAu+ f(u).

This PDE models thus both the born/death of individuals in the population, and their
scattering in the space RY. One couples it with some initial condition ug to get a
Cauchy problem and one takes the following assumptions:

Hypothesis 3: f(0) =
Hypothesis 4: f € C' (R, R).
Hypothesis 5: ug is bounded and uniformly continuous in RV .

We shall not take any further hypothesis in this section in which we give some general
results namely about existence, comparison principle and uniqueness.

1.3.1 Existence of a solution

We start by dealing with the existence of a solution for the reaction-diffusion Cauchy
problem we mentioned above which we recall here:

Ou=dAu+ f(u) (t,X) € (0;00) x RN
{ w(0,X) = up(X) X RV, (15)

Let us state a first result which guarantee the existence of a solution for (I[f]) at
least until some time 7" depending on ug and f.

Theorem 11 (Local well-posedness of the R-D Cauchy problem)

There exists some time T = T(HuOHLw(RN) , Lip (f)) > 0 such that (I owns a
solution u : [0; 7] x RN — R satisfying the Duhamel’s formula:

w(t, X) = [K (£, ) # ug) ( +/ (t—s,0) % f (u(s,»))] (X)ds.

18
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Sketch of proof (Theorem

Let 7 > 0, we pose
X :=C° ([0;7],BUC (RV))

and we provide this space with the norm
el i= sup {l t )l }

We are seeking (according to Duhamel’s principle) a solution (u:t+— u(t,e)) € X for
(IJF]) of this shape:

w(t, o) = [K (£, m) * uo] ( +/ (t— s ) % f (u(s,0))] (+) ds.

Note that the unknown u is present in the both hands of the latter equality; the problem
lies therefore in finding a fixed point. First of all, remark that

e [0;7] is compact, and
. (BUC (]RN) e ”LOO(RN)) is a Banach space
imply that (X, ]| ;) is also a Banach space. Then one takes
Ti={ueX /Vte(0;7),|[ult, o) = [K () uo(w)] ()] peger) < ol e@m } & X,

that is I is a set of functions which stay “not too far” in the |||, sense from the
homogeneous solution of (I[5) — i.e. the solution without reaction. One verifies that I
is closed in the Banach space (X, ||«||,) and so I' is complete for ||e||,. We pose then

X — X
UI—><I>u:{

where
Bu(t, o) = [K (£, m) % ug] ( +/ (t—s,m) % f (u(s,0))] (+)ds,

and we proceed by using a fized point theorem on the map ®p.

Theorem 12 (Banach-Picard fixed point)

Let I be a non-empty complete metric space and ® a contraction on I', then ® admits
a unique fixed point.

The end of the proof is therefore to check that the Banach-Picard fixed point
theorem assumptions are satisfied, then one has to show that:

19
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e Op:I' = I, otherwise said, Im (@) = I'. It comes out of the demonstration of
this point that 7 has to be smaller or equal to

1

T:= m (116l)

where I = [=2[Jugl| o ; 2 [Juo || 1 ]-
o @ is a contraction on I'.

Observe that the Banach-Picard fixed point theorem give us existence and unique-
ness of a solution for (IJf) but only in I' which is strictly include in X’; therefore it
might happen that some other solutions exists in X', that’s why the local well-posedness
theorem [11] only gives the solution existence. Actually, we may pursue to show unique-
ness, but we shall later give another proof which will be an immediate corollary of

comparison principle. g

Theorem 13 (Global well-posedness of the R-D Cauchy problem)

Suppose we know a priori there is some M > 0 such that |u| cannot exceed M whenever
it exists. Then the local solution of (I guaranteed by the local well-posedness theorem
(11)) is actually global, i.e. u : [0;00) x RY — R.

Remark. The latter theorem give some sufficient condition to obtain a global solution.
Another one is to have f globally Lipschitz.

Sketch of proof (Theorem

The main idea of the proof is to repeat the local well-posedness theorem by taking
as initial datum for each new iteration, the solution at last time of the previous one.
Then by plugging the solutions successively we get the global solution we are aiming

for.

0 Tl T2 T3 .
. N ; ; > Time

local solution local solution local solution
. 1 . 2 .
starting from wy starting from wuy starting from wuy

etc.

Figure F10 — Illustration of the construction of a global well-posedness.

The risk in doing this is that the lifetime of the local solutions may decrease faster than
the general term of some convergent series. Hence, we could not reach an infinite time.

0 T1 T2 T3 TOO < o0 .
1 1 1 1 1 |||| ) Tlme

Figure F11 — Illustration of one case which does not allow us to claim the global
solution existence.
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Here comes the hypothesis of boundedness of |u|. Let 7 > 0 be a time whom we know
u exists at it. We have,

L= [=2{u (7, ol oo s 2 llu (7, o)l ] C [-2M52M] = .
Whence Lip (f) < Lip(f) and thus, by calling T the lifetime of the local solution
I, J
starting at time 7 and using (I@ page |20,

def 1 1
I QRS S
2LIlp (f) 2L}p (f)

The rightmost hand of the latter is positive and independent of 7. Therefore, the risk
mentioned above can be excluded. 5

1.3.2 Comparison principle

Consider now the parabolic differential operator
Lu = 0w — dAu — f (u)

with which the PDE 0yu = dAu + f (u) becomes Lu = 0.

Definition 14 (Sub-solution)
Let u € C12 ([O; T) x RV, R>7 one says that u is a sub-solution for the operator L if

Lu<0

for all (¢, X) € [0;T) x RY.

Definition 15 (Super-solution)
Let w e C'? ([0; T) x RV, R), one says that 7 is a super-solution for the operator £ if

Lu>0

for all (¢, X) € [0;T) x RY.

Remark. Note that u € C1? ([O; T) x RV, R) is a solution for the operator L if and
only if u is both sub- and super-solution.
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Theorem 16 (Parabolic non-linear comparison principle)

Let u,u € C'? ([O; T) x RV, R) and u be a solution of the Cauchy problem (I which
we recall here using the £ notation,

Lu=0 (t, X) € (0;00) x RY
{ w(0,X) =u (X) X €RN,

‘ Lower comparison ‘

u is a sub-solution = [u<u
u (0, ) < ug a=ul

‘ Upper comparison ‘

7 is a super-solution _
> .
l (0, 4) 2 uy ];‘[“—“]

Strict lower comparison‘

u 1S a sub-solution
u (0, ) < g = [u<u]l.

u (0, ) Z ug

Strict upper comparison‘

u is a super-solution
T (0,e) > ug = [T >u]l.
u (07 ') ?_é Ug

Corollary 17 (of theorem (Uniqueness of the solution)

The local solution of the reaction-diffusion Cauchy problem (I given by theorem
is unique.

Proof (Corollary

Let u and u be two solutions of (Iff]) starting from the same initial condition ug. It is
clear that

e LU=0<0
® a(O,'):UOSUOa

hence by comparison, u < u. Then repeat the latter by inserting “>” instead of “<” to
get u > v and thereby u = u. g
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Corollary 18 (of theorem (About reaction equilibriums)

Let ugp € R be an equilibrium point for the reaction, i.e. f(ug) = 0 and u be the
solution of (I[f]) starting from w.

o If ug = ug, then u = ug.

If ug < ug, then u < ug.

If ug > ug, then u > ug.

If ug < ug but # ug, then u < ug.

o If ug > up but # ug, then u > ug.

Proof (Corollary

One just needs to see that

—_—— ——
=0 because ug€R is =0 because ug is

independant of ¢ and X an equilibirum point

The results are just then some consequences from the comparison principle. 4

Remark. By taking the carrying capacity K (see page |8) equals 1, each of the three
following models

 logistic,
» monostable degenerate,
« bistable

owns at least two equilibrium points at ug = 0 and 7 = 1. Therefore, by taking the
initial datum wuy between these two points, we are a priori sure that the local solution
of the R-D Cauchy problem (I. stay bounded by between 0 and 1. One can then
apply the global well-posedness theorem [13} the local solution is actually global.

Corollary 19 (of theorem (If ug is sub-solution of its own PDE)

Always considering the R-D Cauchy problem (I, assume furthermore that ug is a
sub-solution for £. Then for all given X € RY u (e, X) is an increasing function.
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Proof (Corollary (17
Let X be fixed in RY and ¢,7 > 0, we pose

w(t,X) =u(lt+T1,X).

The goal of this proof is showing that w > u. We do this thanks to the comparison
principle:

o from one part, it is clear that w is a solution (and thus a super-solution) of L,

o from another part, since ug is a sub-solution for £ and uy < wug, we get by
comparison principle,

up (X) <w(t,X) forall t > 0.
Rewriting the latter with ¢ = 0 + 7, it comes
o (X) <u(0+7,X) Ew(0,X) = wy (X).
Hence by applying the comparison principle a second time, one finally obtains
wt, X)Eut+7,X)>ut,X) VT >0,

that is u (e, X) is an increasing function for all X € RY.

Remark. Corollary [19| owns also an antagonistic version: if ug is a super-solution for
L, then for all given X € RY, u (e, X) is an decreasing function. The proofs of the
both versions are exactly the same.

1.4 Fisher-KPP equation

We work in this section on the equations of the type Fisher-KPP @ in RV which are a
particular case of reaction-diffusion equations whom the reaction function f satisfies
the following properties (and is thus said “of KPP type”):

. f€C'(R,R),
e f is non-negative,

e f(0) = f(1) = 0 so that 0 and 1 are some equilibrium points for the ODE
u' = f(u),

b Both Fisher and “KPP” (abbreviation for “Kolmogorov, Petrovsky, Piskunov”) worked indepen-
dently on these equations.
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e f'(1) <0< f'(0) so that 0 is not asymptotically stable and 1 is asymptotically
stable,

o f satisfies the KPP-hypothesis (see page , that is

f(w) <uf'(0) Yu > 0.

Remark. The logistic reaction (see page [7]) taken with its carrying capacity K = 1,
f(u) =ru(l—u),is of KPP type.

Ones recalls that by taking an initial datum wug between the both equilibriums 0
and 1, the R-D Cauchy problem

du=dAu+ f(u) (¢, X) € (0;00) x RY
{U(()?X)ZUO(X) X eRY : (L7

owns a unique global solution u : [0;00) x RY. Now we know the existence of such a
solution a legitimate question could be: “what happen when ¢ becomes large ?” Indeed,
there is a competitive relation between the reaction term and the diffusion one.

o The reaction term f (u) tends to raise the population size, especially when the
latter is small; the PDE without diffusion

Ou = f(u)
leads to a space invasion to the steady state u,, =1 as soon as ug > 0.

o The diffusion term dAwu spreads the individuals in space; the PDE without reaction
owu = dAu

leads to the extinction of the population, that is v tends to the steady state
Uso = 0.

In the Fisher-KPP equations case, the reaction prevails: all positive perturbation
of the steady state ug = 0 leads to a space invasion toward u,, = 1. More precisely, we
have

Theorem 20 (Hair Trigger Effect)

For all initial datum 0 < uy < 1 but Z 0 and all R > 0, the solution u of the
Fisher-KPP Cauchy problem (I. satisfies

lim ( inf {u(t,X)}) =1,

t—o0 ‘X|§R

and thus, u (¢, «) tends to the constant function u., = 1 locally uniformly in space as
t tends to +o0.
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2
3.3
// maxu on{ 5,2}

2
; _ 3.3
/mmu on { 2,2]

16 18 > Time

Figure F12 - Simulation of the Hair Trigger Effect in R? using the logistic reaction

f(u) =u (1 —u) and starting from the compactly supported initial datum ug := ]IBT”

On the top of the figure, one sees four snapshots of the solution through the window
{—5' 5}2, and on the bottom we have represented the local min and max of this

272
solution in the same window.

Remark. About the proof of the theorem 20} it is sufficient to check that the result is
true for the logistic reaction ru (1 — ). Indeed, let f be any reaction function of KPP
type, by taking r > 0 close enough to 0, we may have ru (1 —u) < f (u) as one sees in
the figure (F{13) above. Then the solution u of problem (I[7)) using ru (1 — u) instead
of f (u) is a sub-solution for dyu = dAu + f (u) and satisfies uy < ug; so by comparison
principle, we get v < u and thanks to the hair trigger effect on w, u is driven to the
steady state us, = 1 locally uniformly in space too.

L /

u / ru(l—u)

0 r eV}
0 1

Figure F13 — Illustration of what one means by “r > 0 close enough to 0” so that
ru (1 —u) be bellow f (u) in the previous remark.
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Proof (Theorem [20) (HTE)

We therefore show the result for the logistic reaction function f (u) = ru (1 —u) with
r > 0. Let us define the differential operator £ by this way:

Lu =0 —dAu —ru(l —u).

For R > 0, we denote by (Ag, ¢r) the couple principal-(eigenvalue/eigenfunction) of
—dA with Dirichlet boundary condition in B as defined in section 2 of the Toolbox
part page [L118] We proceed like that:

One shows that for R large enough and € > 0 small enough, the function

L €<,OR(X) ifXEBR
o (X) = { 0 otherwise

is a sub-solution for L.
We set u the solution of the PDE Lu = 0 starting from the initial datum wu.

Because uy may be compactly supported, we wait for the u peeling off due to the
diffusion in order to (up to choosing e smaller) slip u under u (¢t =1, ).

Thanks to , we deduce by comparison principle that « > u. The fact that
Uy is sub-solution of its own equation implies (see corollary || page that wu,
is increasing in time for X € R" fixed. Therefore, since u is bounded by 1, it
converges pointwise to a stationary function p depending only on X and such that
0 < p(X) < 1. Then parabolic estimates allows us to say that the convergence
pointwise of u toward p is actually locally uniform; thus we can “take the limit in
the equation” so that p satisfies the following elliptic PDE

—dAp =rp(1—p). (L)

It remains to show that the only positive solution of (I. smaller than 1 is p = 1.

Let’s show that w, is a sub-solution for £. We set ¢ € (0;1), for X inside Bg, we
have

L (epr) = —deApr —repr (1 — epR)
= EYR (d)\R — T (1 — €(pR))

one had choosen @ such that ||pg|/,~ =1, so

L(epr) <e(d\g—7r(1—¢))
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since A\g tends to 0 as R tends to 400, we can choose R large enough so that \p is
smaller than r (1 — ¢) /2d; then there comes

]_ _
L (epr) < —w <0.
For X outside Bg, one easy sees that £ (0) = 0, thereby u, is a sub-solution for L.

One knows that u( is non-negative and non-zero. Since 0 is a sub solution we get,
thanks to strict comparison principle,

uw(t,X)>0, V(t,X) € (0;00) x RV,

Then by taking ¢t = 1 and choosing ¢ := min (1,%1; {u(1, -)}) we get u < u(l+t, ).

Then, as said in the beginning of the proof, u converges locally uniformly toward a
function p which satisfies

e 0<p<,

* P#D
« p satisfies the the elliptic PDE (I]).

Let p be a positive solution of (I @) smaller than 1 and suppose by contradiction
that p £ 1. Then there exists some point Xy in RY where 0 < p(X,) < 1. With-
out loss generalities, one can assume that X; is 0 (otherwise, take the translation
p(X) :=p (X + Xo) which satisfies also (I|§)). Under this absurd hypothesis, one starts
by showing that epg is a strict sub-solution of

Lp:=—dAp—rp(1—p)

for R large enough and e small enough:

L (epr) =cpr (dAr — 1 (1 —cpR))
<e(d\g—7r(l—¢))

then by choosing ¢ < p(0),

L (epr) < p(0) (dA\g — 7 (1 —p(0)))

and finally take R large enough to have Agp < 7 (1 —p(0)) /2d (note that R does not
depend on €),

>0 thanks
to the hyp

Feon < 2OT2@) g
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Now, because p is positive, the set
E={e>0/VX e€Br, epr(X)<p(X)}

is non-empty and bounded by p(0) (since epg (0) = £); so the amount £* := sup &
exists. Let us call X* € Bp the contact point between e*¢p and p. The figure (H14)
bellow summarizes the situation.

—R X" R

Figure F14 — One increases € until epgr “touches” the function p.

We have, from one part, because e*pr — p reaches a maximum in X* € B,
A(e"pr —p) (X7) <0,

from another part, by using (I]§), (IJ9) that e*¢r = p in X*, we get
A(e"pr —p) (X7) >0

which is absurd, and thus p=1.

1.5 Weak Allee effect

We consider now a monostable degenerate reaction in the R-D Cauchy problem which
becomes (the carrying capacity K is taken equals 1)

Ou = dAu+ru™P (1 —u) (¢, X) € (0;00) x RY
{ w (0, X) = up (X) X e RN (LI0)

where p is a real positive number and ug is such that
e 0<uy <1,
s up Z 0,
o uy # 1.
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Firstly, we shall use a quite different reaction by removing the term (1 — ) and thus
work on the problem:

Ou = dAu+rut™? (¢, X) € (0;00) x RY (10D)
u (0, X) = up (X) X e R,

Note that u,, = 1 is no longer an equilibrium state of the reaction, thereby it could

happen that the local solution of (I given by theorem [11|is not global and blows up
in a finite time.

I.5.1 Fujita’s blow up

The question one sees here is knowing whether the solution u of (I. is global or blows
up in a finite time. There is actually a competition between the both terms dAu and
ru'*P, in a relative same way as the remark we have done page [25

e The reaction term ru'*? pull the solution to the blow-up in a finite time.

o The diffusion term dAwu tend to crush u on zero by spreading the individuals in
space.

An obvious case is the one where ug is everywhere larger than some ¢ > 0. Indeed,
under this assumption we can easily make a sub-solution which push v to the blow-up:
take u = w (t) the solution of the ODE-Cauchy problem

{ u' () =u'""(t)  te(0;500)
u(0) =e.

One can show from one part that

u(t) = (1 - pt)_l/p

ep

then blows up in a finite time, and from another part, u is below u thanks to the
comparison principle. Therefore, u blows up in a finite time too.

Now we have dealt with this case, we are interested in the sequence in compactly
supported initial datums.

Theorem 21 (Fujita, 1966)
Let define the Fujita’s exponent pp := 2/N. @

\Soft Allee effect\ If 0 < p < pp, then for all non-negative and non-zero initial
datum the solution of (IJL1)) blows up in a finite time.

\Hard Allee effect \ If p > pp, then there exists some “small enough” non-negative
initial datums which give global solutions for (I]T1]) tending then to 0 as ¢ tends to
+00.

@ Recall that N is the space dimension.
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Remark. Otherwise said, the Fujita’s theorem provides a threshold intensity of Allee
effect pp which splits systematic blow up due to a soft Allee effect (p < pp) from
non-systematic blow up due to an intense Allee effect (p > pr).

Lemma 22 (On the decreasing speed of the heat solutions)

Let ug be a non-negative and non-zero initial datum and denote u the solution of the
heat equation dyu = dAu in RY. One controls the L norm of u (¢, ) thanks to the
following equality:

C

wt, )| pny < —————.
st Mmooy < 4

N/2
Where € = C ([l o) = max ((545)"™" ol 1 27 [l )

Proof (Lemma
First of all, it is easy to see that

: [[uol 11
It < min (ol 22055 ) (0
We split in two cases:

then let us pose the amount k := 1/ (27d); there comes,

Andkt =2t > 1+t

whence
N2 uoll o kY2 Nluolls — Nluoll

1+ T Urdkt)™?*  (dmdt)N?
then 14+t < 2andso

(%)
> ||U (tv ’)HLOC :

2N/2

L

whence
2N/ [Jug || oo

Thereby, by posing C' equals to the max of the both numerators of each case, we finally
get the expected result:

(x)
> Jluollpee = Nu(t, @)l e -

C

U (T, o) 700 < — .
H ( )HL (RN) (1+t>N/2 =
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Proof (Theorem (Fujita) |[Hard Allee effect |
Let p be such that p > pp, we aim to build a global super-solution for

Lu = Ou — dAu — u'™?
which tends to u,, = 0 as ¢ tends to +o00. One tries for this a function of this shape:
7L X) = v (LX) g (1),

where v is the solution of the heat equation 0,v = dAw starting from uy and g : [0; 00) = R¥.
is to be determined. We start by impose g (0) = 1 so that @ (0, « ) = uy and therefore
the initial datum question is settled. We demand now that @ is a super-solution for the
operator £. One has

L1 = 0 — dAu —u't?
= g +vg — gdAv — gt TPyl TP
= g (0w — dAv) +vg — g Pl TP

using then that v is solution of the heat equation,

Eﬂ — ,Ug/ _ g1+pvl+p’

we thus get
La(t,X)=v(t,X) (g () — g () 0" (t, X)) .

>0

We would like this amount
non-negative too...

Recalling the L*° control on v given in lemma we look for a function g satisfying
the ordinary differential inequation
Cr

g (t) > g7 (1) e

Solving the ODE Cauchy problem associated to the later starting from 1 at initial time,

one finds,

pC” 1 :

1—|—Np &_1—1 1fp7é%,
I 5 -1l \(1+0)>

g (t)

2 2
1= 5OvIn(l+1) ifp=2

which should not be zero otherwise g would blow up in a finite time.

If p <2/N|then 1/¢” tends to —oo as t tends to +0o0. Therefore, because 1/g” starts
from 1, it hits 0 at some positive time, that is g blows up in finite time and we cannot
make a function g in this way.
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/_\ g blows up

Figure F15 — Graph of 1/g? given with N = 2 and p = 0.5. The function g
systematically blows up in finite time.

If p>2/N | then

1 pC?P

S0 gp (1) N

which might be positive whether C' = C' (||ug|| 1 , |20l ;1) Were chosen “small enough”.
Therefore such a function g may be suitable for our super-solution @ = vg.

l C =02
1 1
/\ g blows up

Figure F16 — Graph of 1/g? given with N = 2 and p = 1.1. The value C' = 0.1 is
“small enough” so that g does not blows up in finite time.

Consequently, if p > 2/N and wg is taken such that |lug||;~ and ||ugl/;: are “small
enough”, we can take the function @ as a super-solution for £. We thus get, thanks to
the comparison principle,

bounded
~ =
0<u(t,X)<utX)¥ v(t,X) g(t) =50,
——r
decays to 0
like ct—N/2

that is the solution u is global and tends to the stationary state u,, = 0 at speed
N2

Proof (Theorem (Fujita) [Soft Allee effect |
def

We will only treat here the non-degenerate cases 0 < p < pr = 2/N. Let ug be a
non-negative and non-zero initial datum, we are willing to prove that the solution «
starting from wug blows up in finite time. To do this, assume by contradiction that wu is
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I. Reaction-Diffusion Equations in R¥ 5. Weak Allee effect

a global solution of (I. We take the following function
J0) = [ K (X u (X)dX,
where K denotes the heat kernel in RY we have defined second section (see page .

We are going to surround f by two functions then we will show that the order relation
between the both bounds is conflicting once ¢ becomes large.

\Lower bound\ Let 0 and e be some real positive numbers such that dlz(x,. < uo,
where X is in supp (ug), like it is summarize on figure (FI17).

/7 01pix,.0
/o

Xo
Figure F17 — Illustration of the situation.

We multiply by K the previous inequality then integrate on RY to get the lower bound:

C
F(t)> 5/8(XOE)K(t,X) X = 5. (UD2)

Upper bound‘ For 0 < s < t, one poses

g(s):= /RNK(t—s,X)u(s,X)dX.

Notice that g (0) = f(t). We have, reminding that K satisfies the heat equation
(parameters have been “forgotten” for better clarity):

/ _ 1+
g (s)—/RN—AK-u—i-(Au—i—u p)~KdX

:/ —AK~u+Au-KdX+/ Kult? dX
RN RN

=0 thanks to an IBP

= . Ku'tPdX

we use then the Jensen inequality thanks to the convexity of (o)™ and the fact that
[t o)l = 1 thus

g (s) > </]RN Ku)Hp

= (g(s)"".
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I. Reaction-Diffusion Equations in R¥ 5. Weak Allee effect

Therefore g satisfies the ordinary differential inequation ¢’ > ¢'*?. By separating the
variables, one reaches

Then, since g is positive, we get

whence one achieves the upper bound of f,

1/p C
Ft)=g0) <%= (LI3)

As a conclusion, by gathering (I[12)) and (I1[13)), we find the following bounds for

C C
S (1

However, since p < 2/N, one has 1/p > N/2 and so C'/t'/? decays faster than C/tN/2.
Then the inequation (I. cannot be verified when ¢ becomes large as you can see on

the figure (HI§).

/ é/tl/p
/ C/tN/Z

O >,
\ f cannot exist

from this time

Figure F18 — Illustration of the contradiction given by (I@): f should be both above
the red curve and bellow the blue one; it is the case for the small values of t but not for
the large one.

Thereby, the assumption under which the solution u is global (this hypothesis has
allowed us to create the function f) is wrong ans so u blows up in a finite time; that’s
what we were aiming for. 4

1.5.2 Hair Trigger Effect versus Extinction

Coming back to the whole problem (I. which we recall here,

Ou = dAu +ru*? (1 —u) (¢, X) € (0;00) x RY
w (0, X) = uy (X) X € RV,

35



I. Reaction-Diffusion Equations in R¥ 5. Weak Allee effect

one knows, thanks to the comparison principle, that all the solutions starting from
an initial datum between the both stationary states 0 and 1 are global and remain
between these bounds. The question of the lifetime solution is thus settled. We are
now asking about the long time behaviour of the solutions. When we have presented
the Fisher-KPP equations (see page , and especially the logistic one whom we recall
the associated Cauchy problem bellow,

Ou = dAu+rutt0 (1 —u) (¢, X) € (0;00) x RY
u (0, X) = up (X) X e RV,

there was Hair Trigger Effect, i.e. a systematic space invasion toward the carrying

capacity us, = 1 locally uniformly in space, for each non-negative, smaller that 1 and

non-zero initial datum. Now we are inducing an Allee effect by changing the reaction

function ru'*° (1 — u) into ru” (1 — u), one can ask whether this new R-D Cauchy

problem generate

o an Hair Trigger Effect, due to the vicinity of ru!*? (1 —u) from the logistic
reaction in the case where p is near from 0,

« an extinction of the population, due to the hardness of the Allee effect in the case
where p is far from 0.

Actually, the study of the Fujita’s blow up we have done before is a good track to
try to answer the question. Indeed, the Fujita’s theorem give us a critical exponent pp
which splits systematic and non-systematic blow-up of the solutions starting from some
non-negative and non-zero initial datums.

« For a soft Allee effect (p < pp), there is an uplift of all the solutions toward the
blow up. Therefore one can imagine in this case that there is Hair Trigger Effect
once we add the barrier term (1 — u).

o For an hard Allee effect (p > pr), there exists some initial datums for which the
population becomes extinct and so one can think it is the same when one adds
(1 —u) in the reaction term.

Both of these assumptions have been proved by Aronson and Weinberger in 1978 [2]

Theorem 23 (Aronson-Weinberger) (HTE vs. extinction) (1978)
Consider again the Fujita’s exponent pp := 2/N.

\Soft Allee effect\ If 0 < p < pp, then for all non-negative, smaller than 1 and
non-zero initial datum there is Hair Trigger Effect for the solution of (I.; that is,
the solution tends toward u., = 1 locally uniformly in space as ¢ tends to +oo.

\Hard Allee effect \ If p > pp, then there exists some “small enough” non-negative
initial datums for which the solution of (I. shall become extinct; that is, the solution
tends toward u., = 0 locally uniformly in space as ¢ tends to +oo.
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o] oo = 0.7 uoll .+ = 0.55
- ﬂ

2
_3.3
/ max u on { 5 2}

lug =0.7-15,,

// minwu on {—"

10 20 30 40 50 60 70 80 Time

|| wol| ;1 = 0.09

2
3.3
// maxu on{ 2,2}

// minu on {—% %}
; ; ; . = X
5 10 15 20 Time

Figure F19 — Experiment results about the “hard Allee effect part” of the
Aronson-Weinberger theorem. Because N = 2, pp = 1. We had thus taken p = 3. One
compares here the long time evolution for two given initial datums. Like in figure
() (page @), there are on the top of each case four snapshots of the solution viewed

2
from the window —%; % , and on the bottom the local min and max of this solution

in the same window. In the first case, ug is “large enough” for the Hair Trigger Effect
to happen, but in the second one ug is “too small” to allow the population to persist.
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PART 11

Fisher-KPP Reaction-Diffusion Equations on the
Field-Road space R?

In this whole part we shall present and discuss on the paper “The influence of a line
with fast diffusion on Fisher-KPP propagation” published in 2018 by Berestycki et al.
[4]. In the sequence, the terms “the authors” and “the article” refer then to the latter.
One reaches to model here a non-homogeneous diffusion in space and more precisely
some significant increase of the diffusion along certain axes. This will is motivated by a
number of ecological and biological observations whom we give some bellow.

o The first example given is the one of the “Black death” plague which occurs in
the middle of the 14th century. The front of this epidemic has actually been
accelerated because of the so called silk road which was a trade road connecting
many ports and cities in Asia, Africa and Europe. One can refer for instance to
[17] in order to get further details.

1346
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II. Fisher-KPP on the Field-Road

Figure F20 — The Black death plague’s spread from 1346 to 1351. One clearly sees
that the epidemic follows the silk road drawn in red.

o We continue in the same vein by talking about a more contemporary problem:
COVID epidemic. It has been shown that the virus has a faster circulation along
highways and transportation infrastructures [§].

« We may also say a few words about the processionary caterpillar of the pine tree
and the “Asian tiger mosquito” which both have been found at some place that
we didn’t expect; this being again due to the human means of transport. For
this example one refers the reader to [I4] for the processionary and to [3] for the
mosquito.

« In [9] one observes that rivers allow faster spreading of plants pathologies.

o And the last illustration we shall present here is the case of western Canadian
wolfs. Using a GPS tracking system, McKenzie et al. have reported in [11] that
wolfs use the seismic lines (ﬂ) in order to move faster: “wolves moved up to 2.8
times faster on linear features than in the forest”. This phenomenon disrupts the
local ecology equilibrium because it increase the chance of wolfs to find some preys
— one especially thinks about the caribou which constitute there an endangered
species.

i
L g !
il

iam Harrap

Figure F21 — On left: satellite view of seismic lines near Zama City, Canada.
On right: seismic lines viewed from plane.

& These are clear, straight and man-made lines which cross the forest used to detect natural oil or
gas reserve. They are large of about 5m and long about a few kilometres, as one sees on figure ( ).
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II. Fisher-KPP on the Field-Road 1. Presentation of the Field-Road model

QW USEFWS National
Digital Library
o

Crredit photo: Santiago Atienza

Pk ey b,
e = P on o

Figure F22 — Photographs of a Canadian caribou (Rangifer tarandus) and Canadian
wolf (Canis lupus).

II.1 Presentation of the Field-Road model

One takes place in a 2-dimensional space (ﬂ In order to model some phenomenon of
diffusion acceleration on a line, which may allow us to describe the biological facts we
mentioned above, the authors propose to work on the half-plane domain R%r =R xR,
(E[) which we shall call a Field-Road space. Let us take a single population living then
on that place; one distinguish there two disjoint locations:

The Field | is the subset F := R x R*%. Let v : [0;00) x F — R denote the population

density in F, we assume a reaction-diffusion equation acts on v, with
e a small coefficient d for the diffusion, and
« a reaction function f of Fisher-KPP type.

This means that individuals can reproduce and slowly move on the Field.

The Road |is the subset R := R x {0}. Let u : [0;00) x R — R denote the population

density in R, we suppose this time that only a diffusion equation acts on u, with
e a large diffusion coefficient D.

This means that individuals can only move fast on the Road.

Remarks.

1. The population we study is thus described by a couple of functions (u,v).

b Note one actually can work in N dimensions (N > 2) like it is done in the paper. Because the
arguments in the N-dimensional cases are the same as those in the 2-dimensional one, we chose N = 2
for better readability.

¢ Take the half space R¥~! x R, for the N-dimensional cases.
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II. Fisher-KPP on the Field-Road 1. Presentation of the Field-Road model

2. Note that R is the frontier of F and that RZ = R U F.

For the time being, the both functions v and v are not related. We now define some
laws of individuals exchanges between the Field and the Road. At every moment,

 a certain proportion of the Field individuals hitting the Road get in there and
the others rebound in the Field;

o some other proportion of the Road individuals leave the Road to get into the
Field and the others stay on the Road.

Under the assumptions we mentioned above, one can now draw up the following
PDE/Boundary conditions system:

Oyu — DOpu = vo (t,2,0) — pu (t,x,0) € (0;00) x R
0w — dAv = f (v) (t,z,y) € (0;00) x F (I11))
—doyv (t,x,0) = pu (t,z) — vv (t,z,0) (t,z,0) € (0;00) x R,

where p and v are real positive numbers related to the exchanges proportions between
Field and Road.
Y

A

Field (U (t, z, y)) Slow diffusion d
KPP reaction f

o ) )

— >
Road (u (t’ :L‘)) Fast diffusion D

Figure F23 — Sketch of the Field-Road space in R?. Note the both z-axis should be
at the same place but we separated them for better readability. Note the frontier of the
Field plays an important role in the model as an exchange interface between the Field

and the Road.

The first thing we are going to do, is notice that taking v = 1 does not entail
any loss of generality. Indeed if we rescale the time by a factor 1/v, that is by taking
(u(t,z),0(t,z,y) = (u(t/v,z),v(t/v,z,y)), we obtain the equivalent to system (IL]I]
La (t,2,0) € (0;00) X R

(t,z,y) € (0;00) x F
Bu(t,x) =0 (t,x,0) (t,2,0) € (0;00) x R,

O — 20,,u =1 (t,2,0) —
o5 — Ay = 10)
— 50,0 (t,x,0) =

whence by recalling
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I1. Fisher-KPP on the Field-Road 2. Population mass conservation

o pi=pfv,
e D:=D/v,
e d:=dJv,
« fi=f/v,

one can get rid of ¥ which implicitly take place in the new parameters. Thereby, we
now work on

Oyu — DOpu = v (t,2,0) — pu (t,2,0) € (0;00) x R
O — dAv = f (v) (t,z,y) € (0;00) x F (TL2)
—doyv (t,x,0) = pu (t,z) — v (t,2,0) (t,2,0) € (0;00) X R.

I1.2 Population mass conservation

As mentioned in first part (see page , a realistic R-D model should preserve the
quantity of individuals whether there is no reaction — i.e. f = 0. We had already shown
it in the RY case in first part, but we have to do it again here because it is a priori not
sure that all individuals leaving the Field get in the Road and vice versa; otherwise
said, some individuals could be “lost” during the exchanges, so we have to check that
there is no “individuals leakage” in the model. Fortunately, everything is going fine:

Proposition 24 (Population mass conservation on the Field-Road)

Assume f = 0 in problem (IL[2)). If (u,v) is a solution of this problem such that the
both functions u and v are non-negatives and decay in space, for all t > 0, faster than
some exponential functions @, then the total population described by the amount

M) = lluts )l + 10 E o ol (murr)

remains constant with respect to the time. In an equivalent way, we have

M (t) = M (0) for all ¢ > 0.

@ Tt is actually sufficient, thanks to parabolic estimates, to suppose this property of exponential
decadence true at the initial time to recover it for all ¢ > 0.

Proof (Proposition

For T" > 0, we assess the population variation between the instants 0 and 7', on the Road
from one part and in the Field from another part. By summing these both quantities,
we reach the total population variation in the whole space. Then one finds out that the
population which has been disappeared on the Road until the instant 7" has actually
been gained in the Field and vice versa. In other words, the exchanges between the
Field and the Road compensate each other and we finally get the expected result.
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I1. Fisher-KPP on the Field-Road 2. Population mass conservation

‘Population variation on the Road between times 0 and T' ‘

+o0o
o (T gy = 0, )y = [ w(Ti2) = u(0,2) da

= /_;OO/OTf)tu(t,x)dtdx

by using Fubini’s theorem,
T fp4o0
= / / Ou (t,x) dxdt
0 —0o0
by using first equation in (ILJ2),

T p4oo
= / / v(t,x,0) — pu(t,z) + DOyyu (t, ) do dt
0

v (t,x,0) — pu(t,z)dx

+ D (Opu (t, +00) — Qpu (t, —00)) |dt

=0 thanks to the fast decay of u

T p+oco
o (T gy = N O sy = [ [ v (t2,0) = (t,2) da

‘Population variation on the Field between times 0 and T‘

T
0T s My (g ) = N0 O o sy = [ [ 0w () dedyat
+

T
=/ / dAv (t,z,y) + f (v (t,2,y)) dedy de
0 RxRi —_————

=0

integrate then the latter by part using Green’s formula,
[0 (7, o )iy = 120, o, @)l e / / —dd,v (t,2,0) dzdt
finaly by using third equation in (H.,
+00
A Y Y (RS / / w(t,z) — v (t,x,0) de dt.

We can now observe that the population variation in the Field is opposed to the
one on the Road. Thereby, by summing, there comes

Hu <T7 ')HLl(R) - Hu (O’ ')HLl(R) + HU (T’ ®, ')HLI(RXRi) - ||U (07 ® °)||L1(R><Rj_) = O’
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II. Fisher-KPP on the Field-Road 3. A few words about the p parameter

whence
Ju (T, ‘)HLl(R) + v (T, .)”Ll(RXRi) = [Ju (0, ‘)HLl(R) [v(0, e, ’>HL1(R><R1) )

that is M (T) = M (0). ¢

I1.3 A few words about the u parameter

One discuss here about the signification of the p parameter that is related to migrations
between the Field and the Road. This amount p should not be interpreted as a migratory
intensity but rather as an attractive equilibrium ratio between population mass on the
frontier of the Field and on the Road. This equilibrium yields for

”U (t> '70)||L1(R)
[ty o)l L)

Y

and whether that equality may not achieved, |[v (t,+,0)|/;, and |lu (¢, s)|;: evolve in
order to get their ratio closer to u.

Migratory dominance: Migratory dominance:
road—field field—road
0 H
_ \ \ \ \ \ Z Z Z Z Z
—7 7 7 7 7 7 o—=< N N N N >
Migratory [v (¢, 0,0)[
equilibrium 1w (t, o)1

Figure F24 — Illustration of the migratory dominances between the Field and the

Road depending on the position of W with respect to .
ML

Therefore population mass evolve toward the ratio Road/Field-frontier “one for p”

and we thus have the three following possible cases:
e 1 =1 means a neutral equilibrium “one for one”,
e > 1 means an equilibrium promoting the Field,
e 4 < 1 means an equilibrium in favour of the Road.

All which have been clamed from the beginning of section I1.3 is now going to be
verified. Let ¢t be a real non-negative number, we compute at the instant ¢ the time
derivative of the population mass on the Road, that also is the population flow from
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I1. Fisher-KPP on the Field-Road 4. Cauchy problem

the Field to the Road because all variations of the population mass on the Road is due
to the migrations between the Field and the Road.

0 (It o) =2

+o00
u(t,x) d:L‘)

+00
= / Owu (t,x) dz

using then first line of (I1J2),

+o00
O (||u(t, .)||L1(R)) = /700 v (t,z,0) — pu(t,x) + DOyu (¢, x) do
+oo
= / v(t,z,0) — pu (t,x)de + D (Opu(t,+00) — Opu (t, —00))

=0 under assumptions of proposition

= [l (& o Ol iy = #llu(t )l ey -

Whence the exchanges of individuals are lead by the following:

o If % = i then the individuals flow from Field to Road is zeros that is there
)L

is no migration between the Field and the Road.

o If W > p then the individuals flow from Field to Road is positive that is
>l

the individuals mainly migrate from the Field to the Road.

o If % < p then the individuals flow from Field to Road is negative that is
peAlys

the individuals mainly migrate from the Road to the Field.

II.4 Cauchy problem: Existence, uniqueness, CP

One deals in this section with the problem (H. provided with the initial datum

U(O, o) = Ug in R,
{ ’U(O,o,o)zvo inRXRi, (IIE)

such that ug and vy are each non-negative, continuous and bounded by 1.

Theorem 25 (Well-posedness of the R-D Cauchy problem)

Problem (I1[2) combined with the initial datum (IIJ3) admits a unique solution (u,v)
which share the same properties as the one we set on (ug, vg), namely u and v are each
non-negative, continuous and bounded by 1.

Remark. Note we do not demand that the extension of vy by uy on the Road is
continuous. Therefore, v extended by u on the Road has no reason to be continuous
either.
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We shall admit in the sequence the existence part of theorem [25 The uniqueness
part derives from the comparison principle which we will announce after these few
definitions:

Definition 26 (Sub-solution)

Let w € CY2([0; T) x R,R) and v € C!? ([O;T) x R x Ri,R), on says that (u,v) is a
sub-solution for the problem (ILJ) if

Ou — DOpyu < w(t,z,0) — (t,2,0) € (0;00) X R
8tv—dAv§f( ) (t,z,y) € (0;00) X F
—doyu (t,z,0) < pu(t,x) —uv(t,z,0) (¢,2,0) € (0;00) x R.

Definition 27 (Super-solution)

Let u € C?([0;T) x R,R) and v € C*? ([O;T) X R x Ri,R), on says that (7,7) is a
super-solution for the problem (II[2)) if

0t — DO, u >0 (t,x,0) — pu (t,2,0) € (0;00) X R
070 — dAT > f (V) (t,z,y) € (0;00) x F
—do,v (t,z,0) > pu (t,x) —v(t,x,0) (¢,2,0) € (0;00) x R.

Theorem 28 (Parabolic non-linear comparison principle)
Let us consider

* (u,v) a sub-solution for (IL]2) bounded from above,

+ (T, 7) a super-solution for (I1[2) bounded from bellow,
satisfying (u,v) < (@,7), when ¢t = 0, then

o either (u,v) < (@, ) for all t € (0; 400),

« or there exists some 7' > 0 such that (u,v) = (%, 7) in [0; 7.

One can by now use the comparison principle to build the demonstration of the
uniqueness part of theorem [25]

Proof (Theorem [25) (Well-posedness)(Uniqueness part)

Let (u,v) and (u,v) be two solutions of (II]2) starting from the same initial datum
(uo,vo). This proof shall be completed when it will have been shown that (u,v) = (u, ?).
To do this, assume by contradiction that it is not the case. Then the set

T ={T>0/ (u,v) = (u,v) forallte[0;T]}

is bounded (due to the absurd hypothesis) and not empty (0 is in). We are then allowed
to set

Thhax := sup 7 < +o0.
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We show now two things about Ti,.y:

Tinax 1S positive.

Indeed, assume that T},,x = 0, by applying the comparison principle with (u,v) = (u,v)
and (7,7) = (u,v), the only possibility is that (u,v) < (u,?) for all time. Repeat
that by switching (u,v) and (@, 7) we get (u,v) > (@, v) for all time which is obviously
conflicting with the previous inequality. Thereby, Ty, > 0.

(u7v) = (u7v) at Tmax-

To see that, take a maximizing sequence (7;,),.y C 7 that converges up to Tiax.
Because for all n € N, (u,v) — (@,0) = (0,0) at T, and (u,v) — (@, V) is continuous with
respect to the time, one finds out that (u,v) = (4, v) at Tiax.

It is now easy to conclude: like has been proved, by applying twice the
comparison principle for (u,v) and (@, v) starting at time 7.y, the maximality of Tiax
forces us to conclude both (u,v) < (%,v) and (u,v) > (@, ) for all time larger that
Thax. That’s absurd. S

Theorem |28 can be extended to “generalised sub- and super-solutions” which are
respectively defined by the sup of sub-solutions and the inf of super-solutions by the
following way.

Proposition 29 (Generalised parabolic non-linear comparison principle)

One considers two parabolic and open domains F C (0;00) x R and F' C (0;00) x F,
and (u1,v1) and (ug, v2) two sub-solutions for (IL[2) bounded from above and satisfying

{ uy < ug on (OF)N ((0;00) x R)
v1 < vy on (OF)N ((0;00) x F).

If the functions v and v defined by

wlhe = { max (v (£, ) ,up (t,7)) if (t,2) € B

us (t, x) otherwise,

max (v1 (t,z,y) ,v2 (t,2,y)) if (t,2,y) € F
ve (t, z,y) otherwise,

v(t,z,y) 1={

satisfy
[w(t,z) > uy (t,2)] = [w(t, z,0) <wvy(t,z,0)]
W (t7,0) > s (b2, 0] = [u(t o) <w (b)), D

then for all bounded from bellow super-solution (7, 7) for (II2)) such that (u,v) < (u,7)
at time ¢t = 0, that inequality spreads on all positive time, that is (u,v) < (u,?) for
all t > 0.
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Remark. For parabolic equations in RY the comparison principle always holds for
generalised sub-solution (i.e. the sup of sub-solutions) and super-solutions (i.e. the
inf of super-solutions). For the Field-Road model, one actually needs the extra as-
sumption (H. to get that true. Note that whether (u,v) is a compactly supported
sub-solution, the zero-extension of (u, v) satisfies assumption (IT[4)) with (u1,v1) == (u, v)
and (ug,ve) := (0,0).

II.5 Long time behaviour

We are interested in this section in the future of solutions of the Cauchy problem
(II.—(II in long time. To deal with this, we are looking for stationary solutions of
system (I1[2); we work so on the following timeless problem

—D0,, U =V (2,0) — pU (z,0) e R
—dAV = f (V) (z,y) € F (I15)
—do,V (z,0) = pU () — V (2,0) (z,0) € R.

Proposition 30 (Stationary solutions)

There are only two bounded and non-negative solutions of (H which are:

(U,V)=(0,0) and (U, V)= <;, 1) :

Remark. According to section [[I.3] it is not surprising to see that stationary solutions
of system (H satisfy both their mass ratio Field-frontier/Road is at the equilibrium
L.

Lemma 31
Assume that (U, V) is a bounded positive solution of (IL[5), then for all r > 0,

inf  V >0.

R X [r;400)

Proof (Lemma

As in the Hair Trigger Effect proof (see page [27)), we denote by (A, ) the couple
principal-(eigenvalue/eigenfunction) of —dA with Dirichlet boundary condition in Bg
as defined in section 2 of the Toolbox part page [[18] Take R > 0 large enough so that

f"(0)
2d

A<
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Then, by letting € > 0,

—dA (ep) — [ (ep) = dedp — f (ep)

—cyp (d)\ - fi;@)
cop (£ Lieo=1OD)

Yet, £ léo) — 1 (Efsa_jo(o)) tends to —@ < 0 as € tends to 0; whence for ¢ close enough to
0, we have for all 0 < ¢ < &,

—dA(ep) — flep) < gp, <f I 2(0) ] (gfw__fo(o))> <0.  (I1)

Claim. For all (z¢,y0) € R x (R;400) and for all (z,y) € Br (xo, %),

V(z,y) > cop (x — o,y — o) -

Let’s prove that claim: we assume by contradiction that V < g (o — g, » — o)
somewhere in Bg (z9,90). Then as V is positive in F, by taking ¢ smaller, one may
have g (o — xg, » — yo) < V in Bg (20, yo). Hence the set

={e>0/V(z,y) € Br(xo,40) ¢ (x — 0,y —y0) <V (2,9)}

is non-empty and bounded from above by £y thanks to the absurd hypothesis. So
one can take £* := supe < gg. Let us call (z*,y*) the contact point between V' and
e*p (e — xg, » — Yo) which cannot belong to the frontier 0B (xq, yo) because ¢ is zero on
that set. In such a contact point, V —e*p (o — xg, ¢« — o) achieves a not-on-the-frontier
local minimum therefore

dA (V (2", y") = €"p (2" — mo,y" —yo)) 2 0. (ILIT)
Furthermore,
dA(V —e"p (e —x0, « —10)) = dAV — dA ("¢ (o — 20, « — 0))
and we use (IL[6) because e* < g¢ (thanks to the absurd hypothesis),
dA(V =& (o — 20,0 —40)) < [0 (e — 20,0 —10)) — f (V).

Finally, by recalling that V and ¢ (e — g, « — y) have same value at (z*,y*), we obtain
by assessing the latter inequality at this point,

dA (V (2", y") — "¢ (2" — x0,y" — yo)) < 0. (I18)

Thereby (H. and (II make it absurd and so prove the claim. g (caim)
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I1. Fisher-KPP on the Field-Road 5. Long time behaviour

The claim is going to allow us to achieve the proof of the lemma. Let r > 0,

o if 7 > R then thanks to the claim and because ¢ (0,0) = 1, we get for all
(z,y) € R x [r;+00), V (2,y) = €0 > 0;

b
i Q Figure F25 — Illustration of the most simple case
: r > R. Because the claim is valid on the whole
"""""""" Sy yellow half plane, one can put (x,y) anywhere we
......... wvevreee..p  want above the line y =r.
~ >

e if 0 < r < R, then from one part, using the same argument as bellow, for all
(z,y) € R x (R;4+00), V (z,y) > &o > 0. From another part, thanks again to the

claim, for all (z,y) € R x (r; R, V (z,y) > o (0, 5 - R) > 0.

“From one part” “From another part”

A A

R+T/2 ............... o

......................... R ...........................R
y ............... Q

......................... r I
r)2 |

> : >
x X

Figure F26 — Illustration of the second case 0 < r < R. The left part uses the
same arguments as the first case. The right part uses the fact that o is positive,
radial and decays with respect to the radius of its argument.

To conclude we have shown that

inf  V>eg >0 if r > R,
RX[r;400)
and

inf V >egp (0, L R) >0 otherwise.
R X [r;400) 2

So the result is established. [
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I1. Fisher-KPP on the Field-Road 5. Long time behaviour

Proof (Proposition (Stationary solutions)

Let (U, V) be a bounded and non-negative solution of problem (IL[5). We are seeking
to show that (U, V) = (0,0) or (U, V) = (1/u, 1). By looking at third line of (IL[f]), one
sees that it is sufficient to prove that V' =0 or V' = 1. That sufficient condition is again
not surprising because of the equilibrium ratio between the mass of the population on
the Field’s frontier and on the Road. We reason according to whether V' is positive or
not.

o If V is not positive, then because V' is assumed non-negative there exists some
(x0,y0) € F such that V (zg,y0) = 0. Then by applying the strong elliptic
maximum principle (see page to L := —dA, as —V attains an interior
maximum at (zo, yo) and verifies £L(=V) = —f (V) <0, we get V=0on F. In
that way one recovers the first solution we were aiming for.

o If V is positive, we therefore have to show that IV =1 to achieve the proof.

Let then us suppose V' > 0, we proceed in two steps:
Show that V > 1.

To do this, assume by contradiction that m := ir}f V < 1. Note because V' is assumed

positive, one necessary has m > 0. Take a sequence of points (x,, ¥ ), ey C F such that
nlggo V (0, yn) = m.

There are two possible cases depending on whether m is obtained in the interior of the
Field or on its frontier:

(yn) tends to 0. We set for n € N,
Up:=U(x+z,) and Vo=V (r+z,9).

Thanks to standard elliptic estimates, both sequences (U,,) and (V,,) converge respectively
(up to sub-sequences and locally uniformly) toward some functions U and V' such that
(U , V) satisfies problem (II.. We have then according to second line of that problem,

AV =—f(V)/d. (1@
Furthermore,
V(0,0) = lim V;,(0,0)
= lim V (0+ z,,0)

n—oo

= V(lim xn,0>

n—oo

=V ( lim z,, lim yn>
n—oo n—oo

= Jim V(@0 yn)

:’)’n7

o1



I1. Fisher-KPP on the Field-Road 5. Long time behaviour

and as V is continuous, there exists some vicinity of (0,0) in R? rated V in which

0< Vem<l. Thus, because f is non-negative between 0 and 1, one obtains that
f (V) is non-negative in V and so with (II.@), AV < 0. One can now apply the elliptic

Hopf’s lemma (see page | with £ := —A: as —V attains a maximum at (0,0) that
is on the frontier of V and L (—V) < 0in V, we get

e ecither V =m in V,

. or —9,V (0,0) < 0.

First situation can be discarded, indeed, whether it would be true, we would have, by
using lemma (with 7 small enough), that m = inf V > 0. Whence, we be would

R [r;+o0)
getting the following contradiction

y (because 0 < m < 1).

So we should be in the second situation given by Hopf’s lemma that is —(%V (0,0) < 0.
Using that in third line of problem (H, one reaches

~J

puU (z) — ‘N/(x,()) < 0.

Assess that for z = 0,

Hence o m
inf U = inf U < U (0) < " (I1.10)
We set now a minimizing sequence (Z,), .y C R that is lim U (Zn) = i%f U and take
for n € N, U, (z) := U (z + ,,). Another time, the standard elliptic estimates assert
that (ﬁ n) converges (up to sub-sequence and locally uniformly) toward a function U
such that U (0) = i%f U= i%f U, and (ﬁ, V) satisfies system (II . So by using first
line of that system,
—D3,, U=V (x,0) — uﬁ,
and by assessing that in x = 0,
~D8,,U (0) = V(0,0) — U (0)

=m— U 1%f U

11{10)

ey

Furthermore, by minimality of Uin 0, we obtain —Damﬁ (0) <0 so that’s absurd.
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I1. Fisher-KPP on the Field-Road 5. Long time behaviour

(yn) does not tends to 0.

Otherwise said, there exists a sub-sequence (yy, ),y and r > 0 such that y,, > >0
for all £ € N. Thanks to lemma , and as (T, Yn,) € R x [1;+00), so it is easy to see
that

> i .
V(@ s Yny,) = Rx[lg;l—{oo) V>0

Whence by taking the limit as k tends to 400, we get that m > 0. We now pose for
k eN,

Vi (2,y) =V (2 + 20y, Y + Yn,) -
Using the standard elliptic estimates, we obtain that (Vnk) converges (up to sub-
sequence and locally uniformly) toward a function V such that \7(0, 0) = m and
<U, V) satisfies system (II . The function V is continuous so in a small-enough

centred ball B, (with 0 < p < r), we have

0<V2V(O,O):m<1.
If we write second line of system (H, we have

—dAV = f <V>

and because m is strictly between 0 and 1 in B,, —dAV > 0. Yet V' attains an interior

minimum at (0,0) so we also have in this point —dAV < 0; that’s absurd.

Thereby in both cases, V' > 1.

Show that V < 1.

That part of the proof follows the same arguments as in ; we thus take the same
notations and give less details. Assume by contradiction that M :=supV > 1. One
f

takes a sequence (7, ¥n),cy C F such that

lim V (z,,y,) = M.

n—oo

Again, there are two possible cases depending on whether M is obtained in the interior
of the Field or on its frontier.

(yn) tends to 0. We set for n € N,
Up:=U(x+z,) and Vo=V (r+z,9).

Thanks to standard elliptic estimates, both sequences (U,,) and (V},) converge respectively
(up to sub-sequences and locally uniformly) toward some functions U and V' such that
(U , V) satisfies problem (II. We furthermore have

AV =—f(V)yd, (I
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I1. Fisher-KPP on the Field-Road 5. Long time behaviour

and V (0,0) = M. Hopf’s lemma give us, in a same vein as (II.
~ ~ M
supU =supU > U (0) > —.  (ILO2)
R R i
We set now a maximizing sequence (Z,), .y C R that is lim U (Z,) = sup U and take
n—oo R
forn e N, U, (z) :== U (z + Z,). Another, time the standard elliptic estimates assert
that ((7 n) converges (up to sub-sequence and locally uniformly) toward a function U
such that U (0) = sup U= sup U, and </U\’, V) satisfies system (II.. So by using first
R R

line of that system,

N\

— D, U =V (2,0) — uU,

and by assessing that in z = 0,
~D0,,U (0) = V (0,0) — uU (0)
=M — pusupU
R
e
< 0.

Furthermore, by maximality of U in 0, we obtain —Dd,,U (0) > 0 so that’s absurd.

(yn) does not tends to 0.

Otherwise said, there exists a sub-sequence (yn, ),y and 7 > 0 such that y,, >r >0
for all £ € N. We now pose for £k € N,

Vi, (@,y) =V (¢ +Tpn, Yy + Yn,) -
Using the standard elliptic estimates, we obtain that (‘_/nk) converges (up to sub-
sequence and locally uniformly) toward a function V such that V (0,0) = M and
(U, V) satisfies system (IT . The function V is continuous so in a small-enough
centred ball B, (with 0 < p < r), we have
0<V V(0,0 =M>1.
If we write second line of system (H, we have

AV = f (V)

and because M is larger than 1 in B, —dAV < 0. Yet V attains an interior maximum

at (0,0) so we also have in this point —dAV > 0; that’s absurd.
Thereby in both cases, V < 1. (g

Consequently, V = 1. 4
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I1. Fisher-KPP on the Field-Road 5. Long time behaviour

One comes back to the initial temporal problem (H., proposition [30[ actually
allows us to show the following invasion result:

Theorem 32 (Hair Trigger Effect on the Field-Road)

For all bounded initial datum (ug, vo) > (0,0) but # (0,0), the solution (u,v) of the
Field-Road Fisher-KPP Cauchy problem (IL2)—(I1J) satisfies

i (u(t.0) 0 1.,) = (1)

locally uniformly in the whole half plane R .

o5t

// maxu on {—%; %}2
.1_._ /mmu on [_%;%]2

‘;) 1:0 > Time

A
| SERTRPE SRV

maxv on [—%,%]2
-5_F / min v on [_% %}2

Figure F27 — Simu]ation of the Hair Tr1gger Effect on the Field-Road using the
logistic reaction f (u) =u (1l —u), D=1, d = 0.01, u = 4 and starting from the

compactly supported initial datum (ug, vg) := <§]181 (0,2)> 0). On the top of the figure,
1\%s

2
one sees four snapshots of the Field solution v through the window [—%; %} and on
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I1. Fisher-KPP on the Field-Road 5. Long time behaviour

the bottom the local min and max of the solution (u,v) have been represented in that
same window. Observe how population density tends toward (1/u,1) locally and
uniformly in space.

Proof (32) (Hair Trigger Effect on the Field-Road)

The main idea of this proof is to create two solutions (u,v) and (@, D) of (ILJ2)), the first
increasing in time at fixed place and the second decreasing in time at fixed place; we
show then these functions tends toward (1/p,1) locally and uniformly in space as ¢
tends to oo; and finally, one puts our solution (u,v) between these two bounds to get
the result.

Starting as for the proof of lemma |31 (page , we denote by (A, ¢) the couple
principal-(eigenvalue/eigenfunction) of —dA with Dirichlet boundary condition in Bg
as defined in section 2 of the Toolbox part page [118] Take R > 0 large enough so that

/" (0)
2d

A<

one poses for £ > 0,
Vi=ep(z,y—R-1).

It has been shown in proof of lemma 31| that for e small enough, —dAV < f (V) in
Br (0, R+ 1). Furthermore, by taking ¢ < 1, we have V' < 1. Extend V by zero outside
Br (0, R+ 1) in the Field and recall that extension V. One can prove that (0,V) is
a generalised sub-solution of (II[2) in the meaning of proposition 29 (page [47). Let
(u,v) be the solution of (I1]2) starting from initial condition (0, V). In the same vein
as corollary (19| (page we may show that, because (u,v) is sub-solution of its own
system at time ¢t = 0, both u and v are increasing with respect to the time at fixed
location in space.

Now we have created an increasing solution, we are looking for a decreasing one.
We pose

— 1 1
U := max (sup (uop) ; —sup (vo) ; > 5
R woF H

V 1= max (u sup (up) ;sup (vo) ; 1) :
R F

Although U and V do not share de same domain, note that “V = uU” ; otherwise said,

S

= sup (uo)} — l‘_/ = psup (uO):
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It is then easy, thanks to its constant nature, to show that (U , 17) is super-solution of

(H. Let (@, ) be the solution of (II. starting from the initial state ((_], V). By the
same argument we use for (u,u), both 7 and T are decreasing with respect to the time
at fixed location in space.

Hence one disposes of

e (u,v) which is bounded from above and increasing at fixed location with respect
to the time, and so converges point-wise up to (%, v ) as t tends to +o0,

 (u,7) which is bounded from bellow and decreasing at fixed location with respect
to the time, and so converges point-wise down to (T, Too) as t tends to +oc.

Then parabolic estimates assert us that both of these two convergences are more than
point-wise, namely locally uniformly in space. So one can “take the limit” in system
(I1]2) which leads us to the stationary problem (IL[5) and therefore, one actually has

(Yoo, Voo) = (Toos Too) = (1/p,1) .

The last thing we have to do to complete this proof is slipping our solution (u,v)
between (u,v) and (@, ) for ¢ large enough. Getting (u,v) bellow (u,7) is easy thanks
to the comparison principle because it is the case at ¢ = 0. Therefore,

1
limsup (u (t,2),v (¢, z,y)) < (, 1) locally uniformly in space.
0

t—o0

We cannot do the same for (u,v) because v is positive and vy may not. (Note u is not
a problem because it starts from 0 < ug.) Since we know (thanks to the comparison
principle) that v is positive for all positive time, we wait the instant ¢ = 1 so that v
has time to peel off. By taking (if necessary) e smaller in V definition, it skips under
v (e 41,0, ), s0 the comparison principle may be applied and yields

1
lim inf (u(t+1,2),v(t+1,2,y)) > (7 1) locally uniformly in space.
v

—00

Thereby we recover

1
lim (u(t,z),v (t,x,y)) = <, 1) locally uniformly in space
o

t—o00

that’s what we were aiming for.
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1I.6 Exponential super-solutions

We have shown in the previous section that there is Hair Trigger Effect for the Field-
Road model with Fisher-KPP reaction, that is any non-degenerate given population,
no matter how small, invade the whole half plane Ri locally uniformly in space. We
wonder now about the speed of space invasion. In the current section we shall build
the tools which will allow us to control the speed of space invasion from above. More
precisely we will create an exponential super-solution above the solution and which will
cross the space at constant speed. That speed shall be an upper bound for the speed
of the solution so it is in our interest to make the exponential super-solution travel as
slowly as possible to get the best control.

Before starting, we announce a result on the speed of propagation solutions already
established in by Aronson and Weinberger in [2] which concern the classical R-D system
in the whole space R%2. Of course, we expect that a Road diffusion D significantly
larger than the diffusion d in the Field would enhance the invasion speed of the classical
system.

Theorem 33 (Aronson-Weinberger) (Asymptotic spreading speed) (1978)
Let define Cxpp := 2,/df’ (0) and consider the R-D Cauchy problem in R?,

Ou=dAu+ f(u) (t,X) € (0;00) x RN
{ w(0,X) = up(X) X € RN, " (ILIL3)

Imagine a viewer at any initial position Y € RY and straightly moving in some
direction at speed ¢ > 0. That theorem presents two results.

\The viewer is too slow\ that is whether ¢ € (0; Ckpp), then the viewer suffers the
invasion and only sees u = 1 “behind him” @ as t become large. Otherwise said,

lim< inf u(t,X)) =1.

t—o0 \ [ X—Y|<ct

\The viewer is too fast \ that is whether ¢ € (Ckpp; 00), then the viewer outrun the
invasion and only sees u = 0 "in front of” (EI) him as ¢ become large. Otherwise said,

lim sup wu(t,X)] =0.
tmeo <|X—Y1|D>ct ( )>

@ That is his vision sight is in the time-expanding ball starting from his initial position and whom
radius equals ct.
b That is his vision sight is the complement of the set mentioned in the previous note.
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” | Viewer slower than invasion| ” | Viewer faster than invasion |

>

=\

Figure F28 — lllustration of two viewers represented at three different times. The
viewer <\ moves slower than Ckpp which is the invasion speed of the solution whereas
the viewer /> moves faster than Ckpp. Observe that in large time, the slow-viewer only

sees u = 1 “behind him” whereas the fast-viewer only sees u = 0 “in front of him”.

We can now look for the exponential super-solutions. Recall that, with the KPP-
hypothesis (see page[§), f (v) < vf’(0) for all positive v. Therefore, all solutions of
system

Oyu — DOpu = v (t, 2,0) — pu (t,x,0) € (0;00) x R
O — dAv = v (0) (t,z,y) € (0;00) x F (I114)
—doyv (t,2,0) = pu (t,x) —v (t,z,0) (t,2,0) € (0;00) x R.

should be (provided they exist) super-solutions of system (II[2). One defines then for

a >0, b e R, v >0, c € R,

U (t, l‘) - ea(erct)
U(twy)) T \yerleted oy

which will be the exponential super-solution we mentioned at the beginning of the
section. Let us at first justify that it is a well tool to deal with some propagation speed.
It is easy to see that, given ¢ > 0, the level-set { = ¢} is reduced to one point which
travels the R line at constant speed ¢, on the left if ¢ > 0 and on the right if ¢ < 0 as

one sees on figure (F29)

the function
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>
x

Figure F29 — Illustration of the u-part of the travelling exponential super-solution
with the speed ¢ = 1 and o = 1.

We actually have the same thing for 7; indeed, take the level-set {u = ¢} with the
innocent choice ¢ = . There comes:

[(z,y) € {u=~}] [v(t, 2, y) =]

<~
— [,yea Ttct)—By __ ,7}
<~

[
= |

ax — By + act = 0
(z,y) € A,]

where A, is the half line in R? starting from the point (—ct,0) and directed by the
vector (5 {a>. In a more general case, the level-set {u = ¢} is the half line

Ay = (m (£) o~ Ct) s <B{O‘> . withseR,.

call that point A

Note the direction of that line does not depend on time and therefore the latter cross the

half space following <_01> at speed c¢. Another time, the situation has been illustrated

on figure (F30)
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Figure F30 — Illustration of the v-part of the travelling exponential super-solution
with the speed ¢ =1 and o, 3,7 = 1.

Our aim is now, for given ¢, to find the “good” parameters «, /3, v for which (@, )
is a solution of problem (II[14). Note that the diffusion coefficients d and D are fixed.
If we insert (,7) inside (II[14)), we are lead to the three following relations respectively
coming from each of the three equations of the system.

—Dao?+eca=v—p (i)
—da? +ca = f(0) +dF* (i) (IL5)
dBy = p— 1. (iii)

(i) and (iii) | Remark first that by modifying (iii), one gets

_n
1+dB

and so, because [ induces the value of v, we just have to find some conditions on «
and /. Solving now the quadratic equation (i) whom « is the parameter, we find

4pdD s
1+dp ) '

v

1
a3 (e, B) = 5D (c:l: 2+

To get the inside of the square root non-negative, /5 has to be chosen lower than —1/d

or greater than _WZ;LID‘ Note that first case has to be discarded because 7y is chosen

positive. One sets now

Graph of o,

J

Graph of o,
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And we get so [(i) and (iii)] <= [(8,a) € I'. p]. One refers the reader to figure (F32)
for the shape of I'; p.

(ii) | Let’s now see equation (ii) which is equivalent to
(o £Y' 0 - €= Gl
2d 4d%

From this viewpoint, (3, «) has to be on the circle centred on (0, ¢/2d) and of radius

c? — OIQ(PP
c)i=+———.
e () = L
Note we require that ¢ > Ckpp otherwise such a circle cannot exist and so (ii) cannot be

verified. (Note I'cypp.q is a single point.) One represents that circle with two functions
that respectively correspond to the upper and lower piece of it:

¢+ \/02 — C2pp — 4d23?
— > :

ag (¢, B):
Like as bellow, one takes

Graph of o

J

Graph of o

And we get so [(ii)] <= [(8,a) € I'o4]. One refers again the reader to figure (F32)
for the shape of I'. 4.

Hence the couples (a, ) we are looking for are at the intersection I'. p N I'. 4 and
we thus have to find for which ¢ > Ckpp that intersection is non-empty. Recall that
our aim is having c as small as possible. We distinguish three cases depending on the
position of D relatively to 2d, or in an equivalent way, on the position of @ compared

to @ (see figure (E31))).

D24 A D=2d A )

@ﬂ :’5 3

Figure F31 — Configuration of the graph of compatibility whether the position of D
relatively to 2d. Note that on the draw, for D > 2d and D < 2d, I'. p and I, 4 intersect
but it is not always the case. As you may see on figure (F39).
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>3

c? -
~d(c® 4 4uD) Fep

Figure F32 — Compatibility of parameters a and j: (u,?) is solution of (II[14) when
I'.p and I'. 4 intersect.

|Case D > 2d| In that situation, we have ¢/D < ¢/2d, that is @ is strictly above ®.
Therefore, there is no intersection between I'. ; and I'; p when ¢ = Ckpp because in that
case I'. 4 is reduced to the singleton {(0,c¢/2d)} = {@}. Observe now that d.a; < 0

and that
c— /2 +
lim oy (¢,0) = lim KPP .
c—00 c—00 2d

Therefore, the point O vertically get down to the origin. Furthermore, we can also see
that d.a}, > 0 and that

. . C
lim af (c,0) = lim 5 = oo

Hence the point @ vertically get up toward infinity. Thereby FZD and I'_, have to

— + . . . .
cross for some ¢ > Cipp. Because Qog — Q.p is strictly convex, there exists a unique

Cy = Cy (p,d, D) > Ckpp such that
« I'c, qand T'§  are tangent and thus T'¢, 4 and I, p intersect exactly once,
o for all ¢ € [Ckpp; Cy), I'q and I'. p do not intersect.

That amount C, is the minimal speed we are looking for.
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\Case D = Qd\ In that situation, we have ¢/D = ¢/2d, that is @ and @ share the same
place. Then for ¢ = Ckpp, I'c, 4 = {@} and I'¢, p intersect at @ and thus C, := Ckpp
is the minimal speed so that equations of (II are compatible.

|Case D < 2d| In that situation, we have ¢/D > ¢/2d, that is @ is strictly bellow ®.

Remind that for g > _d(c%z;m) fixed, aci,d (¢, B) denote the two roots of the quadratic

equation (i). Take now ¢ = Ckpp and (8, @) = (0, Ckpp/2d) = ©.

o We set v = p to get (iii).
o (ii) is clearly satisfied because I'cypp. , = {(0, Cxpp/2d)} = {@}.

« Finally, because, from one hand @ is between @ and @, otherwise said, Ckpp/2d
is between the two roots of (i), and from another hand —D < 0, we get

—Da? +ca >y —p.

That is the function (@, v) taken with (o, 3,7) := (Ckpp/2d,0, 1) is actually a super-
solution of system (H. and then, by transitivity, a super-solution of (H.. What’s
why one chooses C, := Ckpp without any further considerations on that case.

To conclude that section, we have therefore found some exponential super-solutions
(u,v) of problem (IL]2) travelling at speed

° C* >CKPP 1fD>2d,
e C,=Ckppif 0< D <2d.

I1.7 Asymptotic spreading speed C,

In the continuity of the previous section, we give here a result concerning the asymptotic
spreading speed of solutions for the Field-Road model. As mentioned above it is expected

that this asymptotic speed depends on how individuals move fast on the Road compared
to the Field.

We consider in the sequence the amount C, = C, (u,d, D) as defined in section
1.6, Before giving the “Field-Road version” of theorem [13| (page let us remind that

e U, =Ckpp it D <2d,
° C*>CKPP it D> 2d.

C. is actually the asymptotic spreading speed of the solution. Remark there are, as
predicted, two regimes of speed depending on the position of D relatively to 2d:

e if D < 2d, then the model behaves as the classical one in R”,

o if D > 2d, then the population invades the space strictly faster than for the
classical model in RY.
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Theorem 34 (Berestycki et al.) (Asymptotic spreading speed (Field-Road))

Let (u,v) be the solution of the Fisher-KPP Field-Road problem (II[2) starting from
the initial datum (ug,vy) which is supposed

. 1
e non-negative, e NON-ZEro, e smaller than | —, 1],

o compactly supported.

Then (there is HTE and) there is an asymptotic spreading speed equals to C, following
the z-direction; otherwise said:

| Too slow viewer| For all 0 < ¢ < C,,

. . 1
tliglo (lahr%fct (u (t,x),v(t,x,y))) = <M,1> .

| Too fast viewer| For all ¢ > C.,

lim <sup (u(t,z),v(t, x,y))) = (0,0).

t—o0 ‘l“ZCt

The proof of theorem [34] consists in finding some sub- and super-solutions which
shall surround (u,v). The (exponential) super-solutions have already been devised in
section so we are now interested in setting up some sub-solutions. Let us consider
the following linearised system in the moving framework penalised by some § > 0:

Oyu — DOpyu + cOpu = v (t,2,0) — pu (t,z,0) € (0;00) X R
O — dAv + cdyv = v (' (0) —9) (t,z,y) € (0;00) x F (ILI16)
—doyv (t,2,0) = pu (t,x) — v (t,z,0) (t,2,0) € (0;00) X R.

Lemma 35

Consider problem (II.. We present here two analogous results depending on the
regime imposed by the ratio D/d.

Assume D > 2d, then for some ¢ < C, close enough to C, there exists § > 0 such
that problem (II[16) admits a

e non-negative, e NON-ZEro, « compactly supported

generalised sub-solution in the meaning of proposition [29

Assume 0 < D < 2d, then for ¢ € (0; Ckpp) = (0; C.), there exists § > 0 such that
problem (IIJI6) admits a

e non-negative, e NON-Zero, » compactly supported

generalised sub-solution in the meaning of proposition [29
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We shall admit part | 1| of lemma |35 and only show part | 2| whom the reasoning
is a classical one.

Proof (Lemma

Let ¢ be in (0; Ckpp)-
Claim. For ¢ € (0; f' (0) — ¢*/4d), the equation

J

—dAV + ¢,V = (f’ (0) — 2) %4 (z,y) e F (117

owns a compactly supported sub-solution.

For zy € R, consider the Dirichlet problem

—d®" + c®' = (f'(0) =) D x € (—xo; o
{@(ixo):o. o= | G

One assess the characteristic equation of first line of (II[L8):

—dr* +er+(5— f/(0) =0  (ILO9)

whom discriminant A = ¢®+4d (§ — f'(0)) is negative if and only if § € (0; f/ (0) — ¢*/4d).
Take then 4 in that set, (II owns so two complex roots which are

. ijENf/(O)—é—&/M‘

~ 2 Vd'

let us call that w.

Therefore there exists A, B € R such that
® (x) = €% (A cos (wz) + Bsin (wz)).
By choosing x := 5, the Dirichlet boundary conditions provide A =1 and B = 0; so
® (z) = €D cos (W) .

Let now ¢ = g the principal eigenfunction (see Toolbox page for —0,, in
(—R; R) provided with Dirichlet boundary conditions. Take R small enough so that the
cigenvalue associated to v is smaller than 0/2d. We assert then that the function V'
defined on F by

® () (y+R+1) if (z,y) € (£ 5) x (2R +1)
0 otherwise

Vi(z,y) :Z{
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is the sub-solution of (IIJI7) announced by the claim. Indeed,

J

—dAV + ¢,V — (f’ (0)~5

) V= —d@®" + o) + D'y — (f’ (0) — 5) O

cofars Soe - (rio-2)a)
=1 (d®”" 4+ c@ — (f'(0) —0) )

remind that @ is solution of (II...

=0.

Thereby the claim is established. (claim)

Take now (U,V) := (0,V), it can easily be checked that this function is the
generalised sub-solution promised by lemma [35| whom the proof is therefore achieved. -

Proof (Theorem | Too fast viewer |

Assume ¢ > C, and consider as defined in section the exponential super-solution of

problem (I1]2)
i (t, :E) def e(z+Cxt)
U(ta,y))  \yerlereo=i )

By an horizontal symmetry in space, the function

u(t,r) \ e (—atCi)
U (t,zy)) T \yerTEre =y

is also a super-solution. Then, up to take for some positive tg

(@(to+t,x),0(to+t,x,y)) instead of (u(t,z),v(t,x,y))

and
(W (to +,2), ¥ (fo +t,2,)) instead of (¥ (£,2),7 (t,7,y)).

it is not restrictive to suppose that (%, 7) and (4, V) are over the initial datum (ug, vo)
because the latter is bounded and compactly supported. Whence, thanks to the
comparison principle, we get

(u,v) < (u,?) and (u,v) < (U, )

everywhere and at any time. We have

(0,0) CSP sup (u(t,z),v (t,x,y)) <sup (u(t,z),v(t,z,y))+ sup (u(t,z),v(t,x,y)).

|z|>ct x>ct r<—ct

(%) ()
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Let’s prove that both () and (&) become (0,0) as ¢ tends to infinity.

(*) = sup (u (t7 l‘) U (tv Jf,y))

x>ct

cP ~ ~
< sup(u(t,z),v (t,z,y))

x>ct

= sup (e

x>ct
_ <6a(—ct+C*t)

a(—z+Cyt) ea(—x-l—c*t)—ﬂy)

~y

V€
( (Cee)t ea(C*—c)t—ﬂy)

oc(—ct-i—C*t)—ﬁy)

then, because by assumption C, — ¢ < 0,
(%) = (0,0).

Proving that (&) == (0,0) follows the same mood:

() = sup (u(t,2),v(t ,y))

r<—ct
cp
< sup (u(t,z),v(t,x,y))

<€a(x+C’*t) a(a:-i—C*t)—,By)

V€
a(—ct+Cit) —By)

_ (eawvc)t’ %a(crc)tfgy)

Therefore, one finally gets the wanted result: lim (sup (u(t,z),v(t, z, y))> =(0,0). g

t—o00 ‘xlzct

We prove now the second part of theorem [34] which is the less simple of the two.

Proof (Theorem | Too slow viewer |

Assume ¢ € (0;C,) = (0; Ckpp) and consider the stationary generalised sub-solution
(u,v) of problem (IL[16) provided by lemma [35] (note we take ¢ close enough to C. if
D > 2d to ensure the existence of such sub-solution).

Claim. There exists v such that for all v € (0; 7] the couple (yu, yv) is a sub-solution
of the following non-linear problem in the moving framework

O — DOy + cOpu = v (t,2,0) — pu (t,2,0) € (0;00) X R
O — dAv + cO,v = f (v) (t,xz,y) € (0;00) X F (I1120)
—doyv (t,z,0) = pu(t,x) — v (t,z,0) (t,z,0) € (0;00) X R.
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Let’s prove that claim. Showing that (vyu,~yv) is a sub-solution for first and third line of
problem (II does not pose any problem if one reminds that (u,v) is a sub-solution
of (II.; indeed, we have well

O (yu) — DOy (yu) +¢0, (yu) — yu (¢, %,0) + pyu
=7 (O — DOypu + cOpu — v (t,2,0) + pu)
<0,

and
—doy (yv) (t,x,0) —pyu (t,z) + v (t,z,0)

=7 <_dayy (t,l‘, 0) - Hu (t,.I) —|—Q(t,$, 0))
<0.

It thus remains to show that (yu,~yv) is a sub-solution for second line of problem (II.
One has

9 (yv) — dA () + 0, (u) = 7 (Ow — dAv + cO,v)
<y (f(0)=d)v
=(f(0)=9)(hu).  (IL2I)

Then by using Taylor-Young’s formula, one gets

fw) =00 0)=¢hy), (1122
where
» () = 0((7)°) (Taylor-Young),
o ¥ (yv) > 0 (KPP-hypothesis).

Whence, because v is bounded, for all § > 0 and 7 small enough, (vyv) is also small
enough to get (by comparing quadratic versus linear decadence)

0 <9 () <d(yn).
Therefore,
—1p (yu) > =6 (yv)

and so, using (H.7
fyw) = (f(0) = 6) (yv) .

Taking up inequality (IL[21]), one achieves
O (yu) — dA (yo) + 0 (yu) < f (yu) . (IL23)

Hence it has been shown that (yu,~v) is a sub-solution of whole problem (II[20). One
draws the attention of the reader on the fact that inequality (H. is actually strict
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in every point where v is non-zero and so, as such points exist, (yu,yv) cannot be a
solution of (H. O(Claim)

Let thus v € (0;70], we denote by (u,,v,) the solution of the non-linear prob-
lem (II20) starting from the initial datum (yu,~v). Because, thanks to the claim,
(uy, Uy) 4= = (Yu,72) is a sub-solution of the problem whom it is solution, by some

similar arguments as those used to show corollary , the function (u,,v,) is increasing
with respect to the time when space is fixed. Moreover, because (yu,yv) is not a
solution of (ILR0), (yu,~uv) is strictly bellow (uy (£, ), v, (t, «)) for all positive time ¢.
Indeed:

o (yu,~v) is a sub-solution,

+ (uy,v,) is a solution and then also a super-solution,

* (7w,70) < (uy (0, ), 07 (0, #)),
whence by applying the generalised comparison principle,
o either exists T > 0 such that (yu,vv) = (uy (¢, ), v, (¢, ¢)) in [0; 77,
o or (yu,vv) < (uy (t,e),vy(t,¢)) for all positive time t.
First situation have to be discarded otherwise (yu,yv) would be a solution of (H

and one thereby gets the wanted conclusion.

The increase of bounded functions (u., (e, ), v, (e, 2,y)) ((z,y) € F) allows us to
say that (u,,v,) converges pointwise in space toward a limit function (U,, V) as t — oo.
Furthermore, by parabolic estimates, that convergence happens (up to a sub-sequence)
locally uniformly in space. Now, as (u,,v,) is strictly above its initial datum for all
positive time, we have the strict order relation (U, V,) > (yu, yv) and one thus may
find some k > 0 such that for all h € (—k; k),

(va®, 70" < (U, 3),

where (’w(h),”yy(h)> denotes (yu,~vyv) translated of h along the z-direction. Call

(ugh), vgh)) the solution of (H. starting from the initial datum (Vﬂ(h), Wﬁ(h)), the last
inequality spreads then by comparison for all positive time, that is

(u(h) U(h)> < (U,, V).

¥ Yy

Take then the limit as ¢ — oo, one obtains

(UM, V) < (U, V;).

Yoy

So (U,,V,) is above its translated along the z-direction and therefore that couple has
to be independent of the x variable; that is

e U, = constant, and
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o« V., =V, (y).
Because of the local uniform in space convergence of (u.,v,) toward (U,,V,), the

latter satisfies the stationary version of problem (H. which gives, combined with the
independence to z, the following ODE Cauchy problem:

& (0) = pU,
V/=-f(V,)/d mR. (112
le (0) = 0.

: V. : .
By posing X := <VV’>’ one may rewrite that problem by the following way:
2l

X'=F(X) nR;

X (0) = <u0Uw> ' (I1.28)

where U, € (0;1/p] plays as a parameter and the function F' is smooth and defined by
F (X1, X5) = (Xp, = f (X1) /d) .

Existence and uniqueness of a solution for (II[25) is then guaranteed thanks to the
Cauchy-Lipschitz theorem, and one easily can see that F' owns two equilibrium points

which are
0 d 1
0 an NE

One distinguish then two cases depending on the value of the parameter U,:
o if U, =1/, then X := Gﬁ,) starts from the equilibrium point <(1)> so in that
g
case V, =1,

o ifU,=0¢€(0;1/p), we have

" f(V40)  FO)
VZ(0) = ¥ = g <0,
then for small y > 0, V] (y) < 0 and V,, (y) € (0;1) and so V.’ (y) remains negative.
Whence V, is concave in y which implies that V, is bellow its tangent at point
y and whom the slope is negative. Thereby V, has to hit 0 for some positive g,
which is exclude because of the order relation (0,0) < (yu,vv) < (U,, V). This

case has therefore to be discarded.

Z (y)

I Figure F33 — Illustration of the two possible cases
1 depending on the value of U,. One sees here that
the properties “U, = ¢ € (0;1/p)” and “V,, remains

l
positive” are not compatible; therefore U, has to be
identically equal to 1/u and then V., = 1.
>

yoh\g Y
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Hence the conclusion we obtain via this ODE reasoning is that (U,,V,) = (1/u,1).

To achieve the proof, we are now going to compare the solution (u,v) with the
functions
uy (t, + ct) uy (t, —z + ct)
(v7 (t,x + ct,y) and vy (t,—x +ctyy)) (I126)

Note that the initial Field-Road problem (I1[2) and the problem in the moving framework
(II are actually equivalent in the following way:

[(w(o,0),v (0,0, .))ﬁis solution of (IT]2)]
[(w(e, e —ct),v (e, e —ct, o)) is solution of (II20)].

Therefore, both functions given in (II]26) are some solutions of (I1J2).

Up to let a bit of time elapse, it is not restrictive to suppose that (u, v)| +—o 18 positive
and then, up to choosing some smaller v € (0;7), one may get (yu,vv) < (u,v),—-
Take now 7" > 2 and 0 < ¢ < ¢(T —2). One sets then 7 € [1;7/2] such that
¢ = ¢ (T — 27). By comparison, we have, for all ¢ > 0 and (z,y) € F,

(u(t,z),v(t,z,y)) > (uy (t,z+ct) vy (t,x + ct,y)).
Then in particular, at time ¢t = 7,
(u(r,z),v(1,2,9)) > (uy (T, 4+ cT), vy (T,2 + cT,Y))
and reminding that (u.,v,) is increasing with respect to the time,
(u(r,z),v(r,2,y)) > (uy (Lz+c7), vy (Lz+cT,9)) . (I1127)
One takes now 7 € (0; ] small enough as well (independently of T') in such a way that
(nu (=), o (=z,y)) < (uy (Lx), vy (1,2,9)) . (IL28)
By gathering (II27) and (I1]28) there comes
(u(r,2),v(r,2,9)) = (nu(—x —c7),nu(—z —c7,y)).
Applying the comparison principle to that inequality, one obtains
(w(t+7z),vt+T71,2,9) > (uy(t,—z —cr+ct), v, (t,—x —cT + ct,y)).
Take t — 7 instead of t,
(u(t,z),v(t,z,y) > (u, (t —7,—z+c(t—27)),v,(t —7,—x+c(t —27),y))
and assess that at time ¢t = 7,

(w(r,z),v(1,2,9)) > (u, (0, —x — c71) , v, (0, —z — c7, 7)) .
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One applies once again the comparison principle on the latter equality:
(w(t+mz),vit+r12,y) > (U (t,—x+ct—7)),0,t,—z+c(t—7),y)).
And take that at time t =T — 7:
(w(Tyz),v(T,z,y) > (uy (T —7,—x+c(T —27)) 0, (T —7,—x+c(T —27) ,y)),
that is
(w(T,x),0(T,2,y)) 2 (uy (T =7, =2+ &) 0y (T =7, =2+ &,9))
If one assess that inequality at ©z = £, we get

(w(T,),v(T,&y)) 2 (un (T = 7,0), 0, (T = 7,0,9)) -

Next, using the time-increase of (u,,v,),

(7€), 0 (T60) 2 (1 (5.0) 0 (5.0.9))

Thereby, one has prove here that

lim ( inf  (u (T,f),v(T,f,y))) > <i1>

T—o00 \ 0<E<ce(T-2)

To expand symmetrically the domain of the infimum in the latter limit, repeat the
previous operations by replacing £ with —¢ and taking 7 such that £ = —c (T — 27).
By doing this one gets

. . 1
i (o, 0080 @ew) > (1),

If this inequality would be strict, we would then have in the centred unit ball:

1m<mﬂwﬂ®w@@w0>“m(iﬁ W”@””*w0><ig

T—oo \ [€|<1 T T—oo \ [€]<c(T-2)

which is impossible because (u,v) tends toward (1/u,1) locally uniformly in space.
Hence the inequality was actually an equality:

lim [ inf (u(T,ﬁ),v(T,ﬁ,y))):<;71>,

T=00 <|s<c<T—2>

that’s the result we were aiming for.
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I1.8 C, behaviour as D tends to +o0

One wonders here how becomes the evolution of C, = C, (i, d, D) when the Road
diffusion D becomes large. For this section, it is assumed that the reader is familiar
with the figures and concepts discussed in section because it is the starting point
for the asymptotic reasoning that we are about to do. We announce now the main
result we aim to prove:

Theorem 36 (Berestycki et al.) (Spreading speed for large Road diffusion)
Let d and p be fixed positive and D evolving in (0; c0), one considers the asymptotic
spreading speed C, = C, (u,d, D) given in the previous section @ The following
assertion holds then true:

Dlim C./V D' exists and is a real positive number.
— 00

Otherwise said,
3\ > 0 such that C, P~ MWD'.

@ Namely, see theorem [34] page

Proving theorem [36] shall require that lemma:

Lemma 37
We are provided with that asymptotic control on C?/D:

2 2

\/4@2 + (f' (0))2‘ —2u < lim inf %‘ < lim sup % < f(0). (I1129)

D—oo D—oo

Proof (Lemma
Let D > 2d, we are so in the first case of figure (F31|) page

A

—3
Figure F34 — First case of figure (F31)).

When ¢ = C, we have sawn that I'_; and F:D are tangent and one notes (S, a,) the
intersection point between theses curves. We recall that I'_,; and F:D are respectively
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the graph of the functions

c— \/02 — Cipp — 4d252‘

a7 (¢,5) i= o

and

because
» 0oy (Cy, P) is positive for all 5 and
o Jsaf, (C., B) is non-positive for all non-positive 3,

[, cannot be non-positive and we necessarily get 3, > 0. Furthermore, thanks to the
convexity of oy (Cs, o) — afy (Cy, o), T'¢, p is strictly bellow I'c, ,, except at the point

(Bs, o). Translating that geometric affirmation at the point 8 = 0 (# (), we obtain

af (C.,0) =

SIS

C.

< 2d Bpep (Cs)

— a7 (C.,0).  (IL30)

Finally, because o (C, «) and o, (C., «) are increasing as « is positive, we get

1
= —_— 2
5 (C* +1/C2 +4uD ) . (I1.31))

By bringing (I1[30) and (II131) together we obtain so

c. C. 1
_ 2
D < gg  Pxer (C) <355 (C* +1/C2 +4uD ) (IL32)

as you may see on figure (F35).
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Vertical asymptote
of Y, p as f — oo

+
FC*,D

>3
Figure F35 — Illustration of the inequality (II which geometrically interprets as
“@ is bellow O which is bellow @”.
Recalling that Sgpp (¢) := 62_23‘2‘” , we get
1 1 C2 1 4D
— < [1—1-=EF | < —[1+,4/1 I133).
D2d( C§)2D<+ +03> (13)

Suppose that [D — o0o] # [C, — oo]. Then by taking the limit in the second inequality
of (II]33), we would have

—1—- |1-— — (1 1 —
<24 ( mf 2 | “ap YT 0

2
C?
D—oo

that is absurd so D — oo implies C, — oo. This allows us to use Taylor’s series for
V1 — ' in a vicinity from O:

CKPP CKPP 1
Whence, taking up (II.,

1 (C2pp | 1 D

1 Cépp 1 4pD
— . 1 — |1 1
D < og ( 5 +0(1) <3 +4/1+

S|~
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Let us take 7 := C,/v/D'. Then first inequation of (H. becomes

2

7'2<C;I$P+o(1):f’(0)+0(1). (I1.35)

Take the limit as D — oo to get a first piece of the result:

lim sup . < 1 (0).
D—oo D

We work now on second inequality of (I1[34)),

1 OI%PP Of

QC%PP +o(1) <72 1+,/i(r+4ﬂ)
4d T2

21 (0) +o0(1) < 72+ 7y/(T +4p)

and then with (IL[35)),

2f"(0) +o(1) <72+ 7/ (1 +4p) < f(0)+7\/(7+4p) +o(1). (1136

Consider the both extremities hands of (II, it implies successively

1 (0)+0(1) <T\/m
(£ (0)* +0(1) < 72 (72 + 4p)
(F'(0))* + 0 (1) +4p” < 78 + dp7® + 4p”

(f () +424+0(1) < (72 + 2,u)2

VI ) + a2 +o () < 421

VIO + 42 +0(1) —2p < 72

Whence, taking the limit as D — oo, one finally achieves

\/(f’ (0))? + 4p2 + 0(1)‘ —2u < 1iminf%,

D—oo

and thereby the aimed control is shown.
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Proof (I1]36) (Spreading speed for large Road diffusion)
We start by reminding the algebraic system (H with which C, has been obtained:

—Do* +ca=v—pu

—da? + ca = f'(0) + dj? (IL]15)
dpy = p—1.

Lemma |37] gives actually a D-independent asymptotic control on C?/D; this allow us
to rescale o and ¢ in (H. in the following way: let us take

c
¢ = and a:=vD a.
v D

We get the rescaled system

—a*+ca=7—p (i)
—$a?+ea = f(0)+dp? (i) (IL137)
dBy = p—1. (i)

As we said above, thanks to lemma the amount C, := C,/v/D' remains bounded
independently of D as this one tends to infinity — note however that it is not yet sure
that C,/v/D' has a limit. More precisely, the lower bound of C., stay away from 0 and
the upper one is bellow f’(0). Looking at (i) in (IL[37)), one sees that & has also to be
bounded as D — oo (otherwise we would get —oo = v — p); so by taking the limit of
system ( H the amount —%&?* vanishes and we obtain: ((i) and (iii) of II. have
been gathered in (i) of (I13 .

—a?+ea =L (i)
{a=<f'<o>+d55‘i>ﬁ/ iy, (T8

System (II is the asymptotic version of the one (H.. When D shall be large, C.,

will tend to be (provided that exists) the minimal ¢ for which (II[38) has solution. The
end of that proof is thus to show the existence of such a minimal ¢.

Actually (II[37) and (II]38) have same behaviour, that is there exists a critical
speed under which there is no solution, upper which there are two solutions and at
which there is a unique solution. To see that, take a look at equation (ii) of (H, it
is the one of a parabola whom the lowest point remains at (0, f’ (0) /¢). We call that
conic I'??,. Consider now (i) of (113 . One easily may see that it is represented in the
(8, &) plane by the curve F~ =I- defined in section [I1.6

cD‘D 1

If ¢ is close to 0] then

« I'Z, lies above the line & = f'(0) /¢ which is as large as one wants, and

. F%OD lies bellow the line @ = % (E—i— V2 +4uD ) which is as small as one wants,
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II. Fisher-KPP on the Field-Road 8. C, behaviour as D tends to +oo

hence I'¥, cannot cross F%’D as it is drawn on the left of figure (P@)

|If ¢ tends to oo then

« the lowest point of the parabola I'®°, (which is (0, f*(0) /¢)) tends to (0,0), and
« the intersection of I'>*, with the vertical axis (which is (0,¢)) tends to (0, 00),

whence F%fd have to cross F%,OD at least once as it is shown on the right of figure (F@)

Therefore, thanks to the two cases bellow and by a convexity argument, there is a
unique well-chosen ¢ such that the curves I'> and I'%°, are tangent and thus intersects

exactly once as it is illustrated in the middle of ﬁgur’e (E36]).

>3

Figure F36 — Illustration of the three possible cases for system (H@ which is the
D-asymptotic system (II[37).

According to the notations in the statement of the theorem, call A that “well-chosen ¢ ”;

in that way A is the limit as D — oo of C, aof C./V D', that completes the proof of the

theorem.

We end that section by numerically checking the result given by theorem (H..
One actually can assess with a good accuracy the value of C, = C, (u, d, D) thanks to
a dichotomous method for the function ¢ (¢, 8) := o (¢, B) — af, (¢, B).

Take C' > 0 large enough to that we are sure that I'.; and I'. p intersect twice, and
C = CKPP-

Then the dichotomous loop is the following (n € N* denote the loop number):

« take ¢, the average of ¢ and C;

o if ¢ (C,, «) remains positive for « € {O; ~1/C2 — Cgpp ], then replace ¢ by C,;

« else replace C' by ¢,.
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II. Fisher-KPP on the Field-Road 8. C, behaviour as D tends to +oo

Repeat step until getting the wanted accuracy. Note the sequence (c;)
converges exponentially up to C, thanks to the following equality

C
|En+1 - O*| S 27

neN*

Finally, in order to numerically check theorem [36] we just have to plot (D, C, (i, d, D))

in a “log/log” scale. Because, as asserts the theorem, C, P2 A\VD , we should observe
that the points are aligned along a line parallel to y = z/2.
For = d =1 fixed, the method given above provides some conclusive result:

A

20 4
1 3
184 /y:§x+§

& log (Ci(1,1,D))

16

14 1

12 +

10+

1 1 1 1 1 1 1 1 1 1 )
2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 log (D)

Figure F37 — Numerical testing of theorem |36| as u = d = 1. Each o represents an
assessment of C,.
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PART I11

Research on the Field-Road space Rﬁ[

We are willing in this part to induce a weak Allee effect on the reaction f of the
Field-Road model proposed by Berestycki et al. in [4]:

Oyu — DOppu = v (t,2,0) — pu (t,2,0) € (0;00) x R
O — dAv = f (v) (t,x,y) € (0;00) x F (I11.))
—doyv (t,x,0) = pu (t,z) —v (t,2,0) (t,2,0) € (0;00) X R.

More precisely, one would like to take, instead of a logistic reaction as done in [4], a
monostable degenerate one, that is

fv) =07 (1-v)
where p denotes a positive constant. Note p = 0 returns a logistic reaction.

We have mentioned in section a few words about monostable degenerate
Reaction-Diffusion equations in the whole space RY with the Aronson-Weinberger’s
theorem [23|() whom the proof (?) is mainly based on the Fujita’s observation in [7]
which is the following: the solution of the semi-linear R-D Cauchy problem

O = dAv + v'tP (t, X) € (0;00) x RY
v(0,X)=v(X)>0 X eRY

is global and extincts if p > pp L) /N and blows-up in finite time if p < pg.

That Fujita’s exponent pr derives actually from the L rate of decrease of the

heat kernel K on RY: c

It )l ey <

Because the heat kernel does not remain the same when space and boundary conditions
are changed, we have to work on that aspect in order to obtain a better understanding
of it in the case of the Field-Road space Rf . When we shall able to assess the L*
decay rate of the Road-Field heat kernel, it is expected that it helps us to determine
some Field-Road Fujita’s exponent with the ambition to draw up an analogous result
as Aronson-Weinberger’s theorem [23] in the Field-Road framework.

& One recalls that this theorem gives a threshold power pp def 2/N splitting systematic (p < pr)
and non-systematic (p > pr) Hair Trigger Effect.
b That is not given in this report but may be found in [2].
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III.1 Heat kernel in the half-space R

We work here in one dimension — a generalisation to the N-dimensional case shall be
done in the next section. One considers for bounded and non-negative uy : R — R,
the heat equation on the half space R’ provided with initial datum u, and Robin
boundary conditions:

Oyu = Oyl (t,z) € (0;00) x R%
au(t,0) — (1 —a)dyu(t,0) =0 t e (0;00) (TTL2)
u (0, 2) = ug () r € R

where « is a real number in [0; 1] and the diffusion coefficient d has been chosen, thanks
to some time rescaling, equal to 1.

. a = 0 provides some Neumann boundary conditions: all individuals
hitting the frontier = 0 re-bounce inside the domain.

o |Dirichlet | & = 1 provides some Dirichlet boundary conditions: all individuals
hitting the frontier x = 0 are instantly dead.

. 0 < a < 1 provides a mix between Dirichlet and Neumann boundary
conditions which are called Robin boundary conditions : an a-proportion of the
individuals hitting the frontier x = 0 are killed and the others re-bounce inside
the domain.

We are now seeking to find the a-Robin-R?* -heat kernel K, = K, (¢, z,y) which
shall provide the solutions of Cauchy problem (IIIJ2) for these three different boundary
conditions. Note however that the method we shall use to treat the Robin case does not
require o # 0; but we are willing to do the Neumann and Dirichlet cases independently
because it is an easier and formative way to approach the problem.

Each of these three methods are based on the section 3 of the book of Strauss
[19] whom reasoning is the following:

one expands the initial datum uy on the whole space R in a way which is specific
to the case we treat,

one solves the problem in the whole space R for that new expanded initial datum
by convoluing the latter to the R-heat kernel,

one cuts the obtained solution at = 0 and only take the positive part.

For each case we shall furthermore assess the L* (R) norm of the function
K, (t, «,y) whom we want to get a control of the shape c/t*. We expect, because
the individuals leakage is all the more important as « is close to 1, that k = k («) is
increasing (in the broadest sense) with respect to a.

¢ One may also find “Fourier boundary conditions”
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II1.1.1 Neumann boundary conditions

This case is the simplest of the three: one takes ug the even-extension of ug , that is

up (x) if x>0,
up (—x) otherwise.

@)= {

Note ug may not satisfies the Neumann boundary condition at z = 0; in that case ug
cannot be smoother than C° in a vicinity of zero. However,

Proposition 38

Let uw = u (t,x) be the solution of d;u = Au starting from ug, then for all ¢ > 0, u is
derivable at x = 0 and 0,4 (¢,0) = 0.

The smoothness result given by that proposition is not surprising and comes from
the regularizing effect of the R-heat kernel we have sawn in section [[.2l The main
contribution provided is then the horizontal slope of @ for all positive time at x = 0.
That’s convenient because we just have to restrict @ to {x > 0} in order to get a solution
to problem (II1[2)).

Proof (Proposition

The aim of that proof is therefore showing that 0, (¢,0) = 0 for all ¢ > 0; and because
@ (t, «) is smooth, it is sufficient to prove that @ (¢, « ) remains even like its initial datum.

fi(t,—a) = [ Kt~ )i (y) dy
take z = —y,

it —a) :/RK(t,z—x)qTo(—z)dz
remind that K (¢, «) and g are even,

it —a) :/RK(t,m—z)zTo(z)dz

=u(t,z).

Hence the proof is achieved.

Take now u := |-, then u is a solution of (IH. with a = 0.

Remark. Uniqueness may be obtained thanks to the comparison principle.

We try now to find the 0-Robin-R’ -heat kernel, i.e. a fundamental solution for
problem (II1[2)), otherwise said, we aim to reach a function Ky = Kj (¢, z,y) such that
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one can express u under the integral form
o)
ultir) = [ Ko (txy) uo (y) dy.
Let’s try that:
ultr) = [ K (to—y)@(y)dy

—/ (t,z —y)up (y) dy+/+oo (t,x —y)uo (y) dy

pose z = —y in first integral,
+oo N +oo
ulta)= [ K(ta+m(-2)det [ K (ba—y)u(y)dy
remind g is even (and recall z by y),

u(t,a:):/(]+OOK(t,x+y)u0(y)dy+/0+ooK(t,x—y)uo(y)dy

finally, bringing the both integrals in one single,

wltw) = [T K (ba—y) + K (b4 y)uo(y) dy

let us call that Ko(t,x,y).

To conclude that case, we look at the L*>° (R, ) norm of the kernel Ky (¢, o, y):

C
||K0 (t7 '7y)||L°°(]R+) S t17’

where ¢ only depends on the diffusion coefficient d.

Uo A Ug A u Horizontal A U
/ tangent
Even extension Solve &, = A  /T\ Positive
N /m—]R\‘ restriction
> > >

Figure F38 — lllustration of the steps allowing to find the solution of the heat
equation in the half space RY with Neumann boundary conditions.
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II1.1.2 Dirichlet boundary conditions

One takes now ug the odd-extension of ug , that is

@ (2) ::{ ug () if 2 >0,

—ug (—z) otherwise.

Note uy may not be zero at x = 0; in that case ug cannot be continuous zero. However,

Proposition 39

Let @ = u(t,x) be the solution of 0, = Au starting from ug, then for all ¢ > 0,
u(t,0) = 0.

The proof of that proposition consists in the same reasoning than the Neumann
case:

Proof (Proposition

Because 1 (, «) is smooth, in order to show that @ (¢, «) is zero at x = 0, it is sufficient
to prove that @ (¢, «) remains odd like its initial datum.

i(t—a) = [ K (t,— —y) i (y) dy
take z = —y,
it —a) :/R)K(t,z—x)%(—z)dz

remind that K (¢, «) is even and up is odd,

u(t,—x) :—/R)K(t,x—z)ifo(z)dz

=—u(t,x).

Hence the proof is achieved.

Take now u := Tjy~0, then u is a solution of (ITI2) with a = 1.

Remark. Uniqueness may again be obtained thanks to the comparison principle.

We aim now to find the 1-Robin-R’ -heat kernel:

ult,a) = [ K (ta—y)i(y)dy

—/ (t,x —y)up (y) dy+/+oo (t,x —y)uo (y)dy

85
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pose z = —y in first integral,
“+o00 N oo
uta)= [ K (et )@ (-2 dz+ [ K (b —y)uo(y)dy
remind g is odd (and recall z by y),

u(t, ) :—/OmK(t,ery)uO(y)dy+/0+ooK(t,w—y)uO(y)dy

finally, bringing the both integrals in one single,

wltor) = [ K (b —9) = K (o + )] (y)dy

let us call that K1 (¢,x,y).

Finally, looking at the L* (R,) norm of the kernel K (, o, o) requires further
considerations than for the Neumann case.

Proposition 40
For all (¢,z,y) € R% x Ry x Ry, the amount K (t,z,y) remains positive.

There exists some real positive constant ¢ depending only on d such that, for all
t >0,

cy
HKl (t7 ’ay)"LOO(R+) < 7

Proof (Proposition

Let’s prove that K is positive: let ¢ be positive and x, y non-negative,

Ki(t,z,y) = K(t, v —y) — K (t,z +y)

1 (e =y o (113)2)
(47t)/?

2

22442

e zy _zy
:(471-t)1/2(€2t—e 2t)'|:|
[ —
5 >0
>
Proof (Proposition [40)
)2
Take ¢ (y) := 6_%; in that way,
1
Ki(t,2,y) = W (¢ (y) —¢(=y)).
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We assess ¢’ (y) to get a control on it:

2(x — s—y)?
g0/ (y) _ (x4t y)e ( 45)
2
_ Loy (5#)
Vi 2Vt

-7(57)
< — ol
7l

=

By applying now the Mean Value Theorem to function ¢, one gets (for some & € (—y;y))

<4
Whence
1 _ (z—y)2 _ (z+y)?
Kl(t’%y):(llﬂ't)lﬂ(e e —e 4 )
1
:zaggjgg(w(y)—-w(—yﬁ
< Cy
J— t .

The desired result follows then from the last equality. 4

() U At Au
Odd extension Solve 0, = A Positive
N MR X ~Testriction
> > \/\ > Y~

Figure F39 — lllustration of the steps allowing to find the solution of the heat
equation in the half space R* with Dirichlet boundary conditions.
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II1.1.3 Robin boundary conditions
Extend 1y and express the solution u

Let o € [0;1), we have now to find the an extension of ug for the a-Robin boundary
conditions. The common points of the two previous cases was that uy was extended
such that

e 1y was odd in the Neumann case,
e ug was odd in the Dirichlet case.

A natural try for the Robin case is therefore choosing u, such that
aty — (1 — a) up' is odd.
Let us state A := «/ (1 — «) so that the latter expanding condition becomes
Aty — ug' is odd.
That proposition is then equivalent to all the equalities which follow:
Aig (z) — 1o’ () = — (Atip (=) — U’ (=)
e~ (i () — Ay (x)) = e~ (Atly (—2) — iy (~2))
(e™iky (2))" = ™ (Atiy (—2) — &g/ (1))
o (@) = Cetr e [ (AT (—s) = @ (—5) ds,

where C'is a constant which should be chosen equal to ug (0) in order to ug keeps its
continuity at £ =0 (E]) Thereby we pose

| ug(z) if x>0,
Y0 (0) eA® + A2 [F =45 (Aug (—s) — uf (—s))ds  otherwise

and we reach the solution of the heat equation starting from the initial datum wuyg:

i) = [ Kt —y) i) dy.

—00

On can by now announce an analogous result as those for the Neumann (proposition
and Dirichlet (proposition :

Proposition 41
For all ¢ > 0, u is derivable at x = 0 and,

At (t,0) — 8,1 (t,0) = 0.

d Note that the Dirichlet case was the only for which uy might not be continuous.
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Proof (Proposition

The proof follows the spirit as the Dirichlet’s one: we make sure that the oddness of
the function Auy — ug’ spreads on u for all positive time; then because u and 0,u are
smooth, Aty — g’ has to be zero at z = 0, that’s the wanted result. Let thus prove
that:

At (t, =) = 0, (t,—x) = [ K (t.y) Al (= —y)dy = [ K (£,9) 0, (% (~2 = y))dy
= [ K (t.9) [AT (—2 = y) = 0, (@ (~2 = )] dy
= [ K (t,9) (AT — 0, (@) (~= — )] dy

take z = —y,

ATt —2) = 0,21 (1, —2) = [ K (t,=2) (Ao - 0, (@) (= — )] dz

remind that Aty — g’ is odd, K (t, ) is even and recall z by v,

Au (t,—z) — 0,u (t,—x) /K [((Aug — 0y (up)) (x —y)] dy

R

( K (t,y) Aug (x — y) dy — /Ktya( (—y))dy>
— (Au(t, —z) — 0zu (t, —x)).

And so the proof is achieved. -

Now we own the solution u on the whole space R, it just remains to take its
restriction to the half positive space to get the solution we want.

Remark. Once again, uniqueness can be obtained thanks to the comparison principle.

Find the heat kernel

We are now seeking to the a-Robin-R7 -heat kernel K, which may be a little bit harder
to find than in the Neumann and Dirichlet cases.

u(ta) = [ K (e -y (9) dy
—/+OO (t,z —y)up( dy+/ (t,z —y)ug (y)dy

_/O+%K(t,x—y)uo(y)dy+/[)+ooK(t,$+y)%(_y)dy

call that integral I(¢,x).
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Let’s work on the amount I:
oo A A
](t,:p):/ K(t,x—l—y)(uo(())e_y—l—e_ y/
0 0

- /0+OO K(t,z+y (0) e — e~ /Oy e (Aug (s) — uf (s)) ds) dy

it (Aug (—s) — ug (—s)) ds> dy

|

)
:/+OOK(t,:c+y)
1

y y
Ay _ Ae‘Ay/ e Aug (s) ds + e_Ay/ esuf (s)ds | dy

0 0 0

IBP

0)
(0)e”
(0) e — Ae= /y e Aug (s) ds

+o0o
:/ K(t,:v—i—y U
0 0

g () — o (0) €47 — Ae 0 [ Ao (5) ds) dy
0

- /O+Oo K(t,x+y) (uo (y) — 2Ae~ Y /Oy eMug (s) ds) dy.

Thus we get

Recognize here Ko (t,z,y)

+oo
u(t,z) = /O (K (tx—y) + K (t,z +9)) uo (y) dy
+oo A y A
— QA/ (K (t,x+y)e” y/ e ug (s) ds) dy.
0 0
In the second term of the latter sum, one can check that

Lo (A 2))? — (4tAz + 4d>t> A?)
(4mt)"/? At

K (t,z+y)e ™ =

z

then, by letting 7 () := e~*", we have

K(t,x+y)e =

(4mt)'/? 2/t ‘

Therefore,
“+oo
ultr)= [ Ko(ta.y)uo (y) dy

2 AeATHA?  rtoo y+ (2tA+ 1)\ (v 4
_ 4(47Tt)1/2 /O (7( 2\/25—‘ )/0 e U (3) dS) dy

call that I (t,z), we shall do an IBP on it.

We pose I' (2) := — [*° v (s) ds; in that way, I is a primitive of v which is zero when z
tends to +o00 and by integrating by part, as specified just above,

L too (y+2A+x
L (t,x) = 2\/151/0 F(Q\/F )e up (y) dy.
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So u becomes

+00 AT oo 2 y+2tA+x
ta)=| Koz, d 7/ AvkeA?+dy p (YA dy .
U( .flf) 0 0 ( z y) Ug (y) y+ (47Tt)1/2 0 € 2\/{\ Ug (y) Yy

call that I (t,z)

Working on Is:

+o0 2 2
L(t,z) = /0 pAe A+ Ay | exp (_ (y +22\t/z;+ ac) )
+2tA+ +2tA+ 2\’
<y ) - exp (—|— <y2\/F> ) U (y) dy
+oo +y)?\ T (y+2A+z
= L dy.
— [ ( )7( 2 )u0<y>y
We finally get

u(t,xr) = /0+Oo <K0 (t,x,y) +4A\/FK(t,x + y)g (%)) uo (y) dy,

consequently we have found the a-Robin-R’ -heat kernel:

I 2tA
Kalt,a,y) = Ko (ta,y) + 4AVI K (o +y) <M> .

2Vt

We take the liberty of changing a little bit its form:

T (y+2tA+
Kotoy) =K (ta—y) + K (to+y) +AAVEK (o +y) = (L2210
ol 2/t
=K (t,x—y)— K(t,z+vy) +2K (t,z +y)
I' fy+2tA+=z
+4AVE K (tx+y)— | =—F—— | .
W (t,x y)’7< 2\/; )
Thereby,
I [(y+2A+z
Ko(t,z,y) = K1 (Lo, y) +2K (Lo +y) [ 1+ 24V = [ 222 ).
() = K (t2.) + 2K (1) ()

L control on the heat kernel

From here onwards, ¢, ¢1, ¢o, etc. denote some constants depending only on A and and
which can be different from one line to another.
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To conclude that section, we therefore have to find the L rate of decrease of H,.
By looking above at K, and reminding that K is controlled by cy/t, we have then to
work on the second half of the sum, that is the amount

G(t,z,y) =K (t,z +y) <1+4A\/;1; <y+2tz4+:z:>>

2Vt

to know the L* rate of decrease of H,. Notice we have I' (z) = Y7~ (Erf(2) — 1), and

F(> 1(1 1+ (1)) o
—(2)=—(-—=—=+4o0|— as z — 00.
~ 2\z 223 23

Whence, in particular, if zy is taken large enough, we get for all z > zj,

1 1 r 1 3
+-—<—(2) <

T2z 823 T o4 _E—i_ 823"

Hence there exists ¢y > 0 also large enough such that for all ¢ > ¢y, all x > 0 and all
y >0,

D (y+2A+a 1 2f L3 0wE \’
Y 2V/t' — 22tA4+x+y S8\ 2A+a+y
V! 3

< — .
- 2tA+x+y+8(t)3/2A3
Using that control on K, one obtains
Ko (t,x,y) = K1 (t,2,y) + 2G (¢, 2,y)
cy NG 3
< = 42K (t 14+ 2AvVt | —
- t+ (,x—l—y)( + w( 2tA+m+y+8(t)3/2A3>>

2tA L 3
A+ +y  4tA

T+y n 3
A+ x4y 4tA?

<Ct—y+2K(t,x+y) (1—

§?+2K(t,x+y)<

Y n 1 r+y e*(zﬁf)Q n 3
Tt rt'2tA+x+y 47 ()% A2
cy c1 T+y _(tn?  Ca
= — [ 4t _—
t +\/F XA+ x4y WL
Call that ().

There are two possible cases depending on the control which we shall obtain on (#):
« ecither (#) < ¢/t’ with 0 < ¢ < 1/2, and then K, would be controlled by ¢/t2+,

o or (M) < c/t" with £ > 1/2, and then K, would be controlled by (cy + ¢;) /t.
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The sequence consists then in controlling (#). Let us pose

m(t) := sup( © e_ft>

>0 \2tA + z
and call that ¥(z).

One assess the first derivative of :
call that o(2)
e (23 + 2tAZ% —4(t)? A)
2t (2t A + 2)°

V() =-

We easily see that 1" and ¢ have opposite signs. One has ¢’ (2) = z (3z + 4tA) which
remains non-negative when z is non-negative. Hence there exists some z, = z, (t) such

that m () = 1 (z.) as it can be seen from figure (F40]). Remark that z, is the unique
real root of the polynomial ¢ (z) and by seeing that, for all positive t,

o (Vat') = 20" >0,

we actually have

m (t)

e T

Figure F40 — Study of the v function: m (t) is actually a maximum achieved in z,.

Consequently, we can now control the amount m (¢) like this:

m(t) = © e_ﬁ>

= max
0<2<V2t! (QtA + z

z
<
- ogglga\}/(ﬁ' <2tA + z)
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2. Heat kernel in ]Rf

2tA

see that 0, <2t jJrz) ~ (2tA12)

> > 0, whence

V21!
< Y=
mt) < o
- V2t
= 2%A
!
VRt A
C

Therefore (#) is controlled by —& so we get

C C C
Ka(tizy) <+ S+

then, for ¢ large enough,

whence

cy +c
Kot e )l < =

II1.2 Heat kernel in the half-space Rf

That section consists in a generalisation of the previous one in the N-dimensional case
(N > 1). In the sequence, the set RY denotes the upper half space RV~ x R* and a

generic point z € RY shall be written

r=(X,zy) € RN xR,

Figure F41 — Representation of the generic point t = @ = (O,0) = (X, xy) in the

half spaces RY for N € {1,2,3}.
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One considers for non-negative valued ug € L! (Rf ) N L*> (Rf ) the heat equation
on the half space Rﬂf provided with initial datum and Robin boundary conditions:

du = Au (t,x) € (0;00) x RY
au (t, X,0) — (1 —a)dyyu(t,X,0) =0 (t,X) € (0;00) x RN~! (TT1[3)
u (0, 2) = ug () zeRY

where « is a real number in [0; 1]. We are now going to do the same reasoning as which
we have made in the previous section, that why a bit less details shall be given. We are
thereby aiming to reach the a-Robin—Rf -heat kernel K, = K, (t,x,y) which gives the
solution of (IIIJ3) under the shape

u(t,z) = /RN K, (t,z,y)ug (y) dy.

+

Before starting we introduce the new notation A < B which means that there is
a positive constant ¢ = ¢ (N, d, ) such that A < ¢B and we recall that the RV-heat
kernel in the whole space is given by

def 1 |$|2
K(t,l‘) = Wexp <_4t> s

or even, express with the notations given in the beginning of that section,

1 X1 + 2%
K(t,X,xn):WeXp <_4t .

I11.2.1 Neumann boundary conditions

Take here a = 0 to get some Neumann boundary conditions in (IIT[3).

Proposition 42 (Heat equation in RY with Neumann BC)
The O-Robin—Rf -heat kernel is given by

Ko(t,z,y) =K, X =Y, oy —y~n) + K(t, X =Y, 25 + yn)
Furthermore, one has the following L> control on Ky (¢, «,y):

1
1o (&, ¢ 9l oo (m) S 7372

Proof (Proposition

Let up denote the even extension of uy with respect to the variable xy beyond the
hyperplane {z) = 0}, namely

N  Jou(X,zn)  ifay >0
uo (X, zN) .—{ ug (X, —xy) if 2y <O0.
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We set u = @ (t, X, zy) the solution of d;u = Au in the whole RY starting from
the initial datum ug; take then for w the restriction of @ to the upper half space,
i.€. U = Ulyy>0. We assert that u is the solution of (IH. with o = 0. Indeed, we just
have to check the boundary condition:

u (tha —IEN) = /RN K (t,X Y, —ay — yN) U (Y> yN) dYdyy

= . K (t, X — Y, —TrN + ZN) % (Y, —ZN) deZN

remind that K and ug are even with respect to their last variable,

= NK(t,X—Y,.CEN—ZN)%<Y,ZN)deZN
R

:a(t7X,ZL‘N).

Hence, u is even with respect to xy that’s why the boundary condition 0, u (t, X,0) =0
is verified. We assess now the fundamental solution Ky. We have, for all t > 0 and all
zeRY,

ulta)= [ K (ta—y)ido(y)dy
_ /M K(t,X =Y, 2y —yn) o (Y, yn) dY dyy
+/RNK(t,X—Y,xN—yN)@To(Y,yN)deyN
:/RﬁK@,X_Y,xN_yN)UO(KyN)deyN

+ /N K(t,X —Y,zx + 2y) o (Y, —2y) dYdzy
R+
remind that ug is even with respect to its last variable,
= /]RN KX =Y, zn —yn)uo (Y,yn) dYdyy
N
+ /N K(t,X —Y,2x + 2v) uo (Y, 2y) dYdzy
R+

:/]RN (K (t,X =Y, oy —yn)+ K (t, X =Y, 2n +yn)] uo (Y, yn) dY dyn

+

call that Ko(t,z,y). o

Proof (Proposition

That control easily follows from the expression of Kj. g
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1I1.2.2 Dirichlet boundary conditions

Take here a = 1 to get some Dirichlet boundary conditions in (ITLJ3).

Proposition 43 (Heat equation in RY with Dirichlet BC)
The 1-Robin-R¥-heat kernel is given by

Ky (t,z,y) = K, X =Y, oy —yn) — K (1, X =Y, 25 + yn)
Furthermore, one has the following L> control on K (¢, e, y):

YN
|| K1 (¢, %y)”Loo(Rf) S LT

Proof (Proposition

Let ug denote the odd extension of uy with respect to the variable xy beyond the
hyperplane {x) = 0}, namely

up (X, zN) if ey >0

U (X,fﬂN) = { —ug (X’ _xN) if zy < 0.

We set u = @ (t, X, zy) the solution of d;a = Au in the whole RY starting from
the initial datum wug; take then for w the restriction of @ to the upper half space,
i.€. U= Ulyy>0. We assert that u is the solution of (IH. with a = 1. Indeed, we just
have to check the boundary condition:

(X —an) = [ K (6 X =Y, —ax — ) o (Y ) dY dyy

= v K (t, X — Y, —TN + ZN) % (Y, —ZN) deZN

remind that K is even and wug is odd with respect to their last variable,
- —/NK(t,X Y, an — 2 @ (Y, 2y) dY dzy
R
= —u (t,X, xN) .
Hence, @ is odd with respect to xy that’s why the boundary condition u (¢, X,0) = 0 is

verified. We assess now the fundamental solution K;. We have, for all ¢ > 0 and all
zeRY,

wlt) = [ K (6o =) () dy
:/R KX =Y, zn —yn)uo (Y,yn) dYdyn

N
+
+/1RNK (t, X =Y, zny —yn) uo (Y,yn) dYdyn
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= /RNK(taX_YaIN —yn) uo (Y,yn) dYdyy
+

+ /N K(t,X — Y,y + 2) o (Y, —zy) dYdzy
R+

remind that ug is odd with respect to its last variable,

= | KX -Yzn—ynv)u (Y,yn)dYdyy

N
RY

- /N KX —Y, 5+ 2x) uo (Y, 25) dYdzy
R+

:/RN (K (t, X =Y, oy —yn) — K, X =Y, 2ny +yn)]uo (Y, yn) dY dyy
+

call that K1(t,z,y). o

Proof (Proposition

(zn—yn)*

Take ¢ (yn) := exp (—T); in that way,

51 .0) = e (B ) (o) = 2 )
< Wl)N/Q (& (yn) = (—yn)).-

Thanks to the Mean Value Theorem there exists some positive ¢ such that

o (yn) — ¢ (—yn)| < C\'/%M

Whence for another positive c,

C YN
Kl (t,:c,y) < t% - O
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II1.2.3 Robin boundary conditions

Take here a € [0;1) to get some Robin boundary conditions in (IT1[3).

Proposition 44 (Heat equation in RY with Robin BC)
The a-Robin-R¥-heat kernel is given by

Ka(t,a:,y) :Kl (taxay)+2K(t7X_YaxN+yN)

F yN+2tA+[EN
14+ 2AVt — .
X( wv( 2V ))

Furthermore, one has the following L> control on K, (¢, «,y):

1+yn
. < .
||Koc (ta ay)”Loo(Rf) ~ t%

Proof (Proposition

Let « be in [0;1) and state A = a/ (1 — «). We moreover suppose in the sequence that
the initial datum wug is derivable following the x ) variable.

Step 1: extend uy in the whole R" to solve the half space problem.

We extend ug beyond the hyperplane {xy = 0} in a new initial datum ug = ug (X, zn)
in such a way that the function

Aug — 0, up is odd with respect to the xy variable.
One therefore gets the following equivalent equalities:
e_AxN (8121\7% <X7 IN) - A% <X7 'IN)) - G_ACCN (A% (X7 _'IN) - axN% (X7 _:EN))
Ouy (7™ (X, 2x)) = €A™ (Al (X, —2x) — Ouy o (X, —7))
TN
Uy (X, xy) = Cet™ 4 efon / e (Atg (X, —8) — Oty (X, —5)) ds,

0

where C' = C' (X)) is constant with regards to the x, variable and may be chosen equal
to ug (e, 0) in order to ug keeps its continuity when zy = 0. Thereby we pose

—~ Uo(X,IN> lfJ}NZO,
R IS (X,0) efen 4 eAen [ON e=As (Ayy (X, —8) — Opp o (X, —5)) ds otherwise

and we reach the solution of the heat equation starting from the initial datum wuyg:

(X o) = [ K (6 X =Yy = ) @ (V) dY g
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Claim. For all ¢t > 0, Au (¢, X,0) — 0,,u(t,X,0) = 0.

Let’s prove that by showing the oddness (with respect to xy) of Au — 0., u:
Au (t, X, —xy) — Oppyu (8, X, —zN)
—/ (t,Y,yn) Aug (X =Y, —zny —yy) dYdyy
- / (t. Y, yn) Ouy (o (X =Y, —zn — yn)) dY dyn
—/ (.Y, yn) {AUO(X_Ya_SCN_yN>
— Oy (U (X =Y, =2y — yn)) }deyN
= K (t,Y,yn) {(Auo Opptio) (X =Y, —xy — yN))]deyN

RN

take zy = —yn,

= | K (Y, —2y) | (Al — Ouyti) (X = Y, 25 — 2y)) |dVdzy

RN

remind that Aug — 0, up is odd (with respect to xy) and recall zy by yy,

=— | K(tY, —yn) [(Auo Opnto) (X =Y, 2y — yN))]deyN

RN

finally using that the RV-heat kernel K is even (with respect to zy),
:—/ (£, Y. yw) [ (Al — 01y i) (X — Yoy —yw)) |dYdyn

= —</RNK(15,Y>QN) Aug (X =Y, —zy —yn) dYdyn

RN

(AT X, —a) — Dyl (X, —2))

Whence the claimed result. g (claim)

One takes now for u the restriction of @ to the upper half space {xy > 0}, that is,

U = Ujgy>0, in that way u is the unique (thanks to the comparison principle) solution
of problem (III[3).
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Step 2: Find the a-Robin-R}-heat kernel K,.

One has

K (t,;( — Y, xn — yN)ZLVO()»yN)d) dyN
“+oo
/ -
RN-1

0
* /_ RN-1 KX =Y, zy —yn)uo (Y,yn)dYdyy

(t, X =Y, 2n —yn)uo (Y,yn) dYdyy

400
:/0 /]RNflK(t’X_YaxN_yN)UO (Y,yN) deyN

+oo
* /0 /RM K(t,X =Y, zx+yn)to (Y, —yn) dYdyy

call that integral I(¢,X,zn).

Let’s work on the amount I:

“+oo
I(t, X, zy) = /0 /RM1 Kt X —-Y.an+yn) (uo (Y,0) e~ v~
—AyN TN —As _ _ —
+e e (Aug (Y, —s) — Oz yuo (Y, —s))ds |dY dyy
0
+o0
= /0 /RM1 K, X -Y, 2y +yn) (uo (Y,0) e v~
N
— e AUy / e (Aug (Y, 8) — Opyup (Y, 8)) ds> dYdyy
0
+o0
= /0 /RM1 K, X =Y, 2y +yn) (uo (Y,0) e v~

— Ae /OyN eug (Y, 5)ds + e /OyN M0, uo (Y, 5) ds)deyN

IBP
+o00
:/0 /RN_1K(t’X_}/’xN+yN) (UO(Y,O)G_AyN
Yy
_ AeiAyN/ N eASuO (Y,S) dS
0

g (V) = o (¥, 0) ¢ — e |

YN A
eug (Y, s) ds)deyN
0

—+o0
-] K(t,X—mN+yN>(uo(Y,yN>
0 RN-1

y
— 2Ae‘AyN/ " e (Y, 5) ds) dYdyy.
0
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We thus get

Recognize here Ko (t,z,y)...

+oo
u(t,X,zy) :/o /RN*1 (KX —Y,an —yn) + K, X = Y,ay +yn)) uo (Y, yn) dYdyy

+o00 » U |
_2A/ /N KX —Y,oxn +yn)e yN(/ BSUO(Y’S)d8>deyM
0 RN-1 0

In the second term of the latter sum, one can check that

K({t,X =Y, 2y +yy)e W =

_1X-Y]?

e~ w (yy + (2tA + zy))’ — (AtAzy + 4d**A?)
(4mt)N/? P 4t
then by letting 7 (z) := e, we have

_1xX—y?
e I

(4mt)™N/?

K({t,X-Y zn+yn) e AUN —

2tA
- exp (A:EN+tA2>7 (yN+ t +xN> )

2Vt
Therefore,

2 AeArN +tA?

u(t, X, x :/ Ko(t,z,y)u dy — ———
( N) Ry o y) uo (y) dy (47rt)N/2

_lx—y 2 o ynv + 2tA+ N UN
% /]RN—le " /0 <7< 2\/? >/0 € Uo (Y7 8) dS) dyN dY

call that I (¢,X,zn,Y), we shall do an IBP on it.

We pose T (zn) := — [;°° 7 (s) ds; in that way, I is a primitive of v which is zero when

zy tends to +oo and by integrating by part, as specified just above,

+oo 2tA
It X ax,Y) = =2V | r(yN - ﬁ”N)eAywuo (. ) duy.
0

So u becomes

4AVT
u(t,X,zy) = Ko(t,z,y)u dy + —+=
(6 Xaw) = [ Ko to,a)wo () dy + 7

_Ix-vy]2 pFoo A 2 YN + 2tA + TN
X 7 eNHATHAYN T Y, yn) dyy dY
/]RN*1€ /0 € 2\/; UO( 7yN) YN

call that Io(ty',zN).
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Working on Is:

+o0 2 A ?
O A (_ <yN+ HN> )

2/t
yn + A+ N yn + 2tA +an\’
x T . + Y, d
( 2/t ) exp( ( 2T uo (Y, yn) dyn
+oo (zy +yn)’\ T [(yn +2tA+ 2y
= - — Y dyy.
/ eXP( m ) S N uo (Y, yn) dyn

We finally get

U(t,X,[I)N) :/]RN (KO(taxay)—{_ZlA\/FK(t’X_Y7xN+yN)

+

XF<yN+2tA+SCN

Y NG ) )UO (Y,yn) dY dyw.

consequently we have found the a—Robin—Rﬂf -heat kernel:

r 2tA
Ka(t,l',y) :K0<t,$,y)+4A\/FK(t,X—Y,$N+yN)§ (yN+ +xN>

2v/t!

We take the liberty of changing a little bit its shape:

K,(tz,y)=K({t,X —=Y,ay —yn)+ K (t, X =Y, zny + yn)
yn +2tA+ xN
)
=K, X -Y,an—yn) — K, X =Y, oy +yn) + 2K (£, X =Y, 2n + yn)
yN+2tA+xN>

2v/t!

r
+4AﬁK(t,X—Y,$N+yN)<
v

r
+4A\/FK(t,X—Y,g;N+yN)<
gl

Thereby,

r 2tA
Ko (t,2,y) = Ki (t2,y) + 2K (6, X = Yiax +yw) <1+2A\/F (yN+ HN)) |
v

2Vt

Step 3: Show that K, works also for non-regular u, € L! (Rﬂf) N L (Rf)

The derivability hypothesis we have done on the initial datum wuy was necessary to find
the oz—Robin—]Rf -heat kernel but the normal derivative of u is not involved in the final
expression of u given by

u(t,x) = /]RN K, (t,z,y) uo (y) dy.

+
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This being due to an integration by part we have done above allowing K, to hold
implicitly the normal derivative instead of uy. Therefore, the formula giving u by integrat-
ing K, against uy does not require further hypothesis than ug € L* (Rf ) N L (Rﬂ\r] )
That’s why we would be happy if our a—Robin—Rf -heat kernel does also work for such
initial datum.

We first check that K, verifies the Robin boundary condition on dRY: we call

_yN+2tA+£L'N

2Vt

some easy but long computations show that

_ yn +2tA

9 UN T2
21!

and 0, :

Ko (1 (X.0). (Vi) = K (1.X = Yo) (2 444V ) ~ (),

l’ J—
ale(oz (ta (X7$N)=(YayN)) - _NTyNK (th _Yul‘N _yN)

—xN;;yNK(t,X—Y,xN—i—yN)

+ K (t,X =Y, 2y +yn) le — 4\/7?,422 (9)1 :

8xNKoc (t7 (Xv O) ) (Y7 yN)) =K (tv X — }/a yN) [QA - 4\/25_‘ A25 (80)] .
Hence one sees that
AK, (t,(X,0), (Y,yn)) — 0uy Ko (£, (X,0), (Y,yn)) =0

that is K,verifies Robin boundary conditions on dRY for all positive time. Let now
uy € L1 (Rf) N L> (Rf) and pose

| uo(x) ift=20
W)=y Ko (t2,y) w0 (y) dy. it 0.

It can be verified from one part that du = Au for all (¢,z) € R% x RY, and from
another part, we have

Au(t, (X,0)) —p,u (t, (X,0))
— [ AR (£, (X,0) (Y ) = Bay K (1 (X,0), (Y, )] o (5) dy

=0.

Therefore, the function is well the solution of problem (IH. starting from the not-
necessary-regular initial datum ug. 5
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Proof (Proposition [42)

From here onwards, ¢, ¢1, ¢o, etc. denote some constants depending only on N, o and
d and which can be different from one line to another. By looking at K, expression
assessed in first part of the proof and reminding that K is controlled by cyy/ t%, we
therefore have to work on the second half of K, that is

G(tzy) =KX —-Y,zy+yn) <1+2A\/Fl; (yN‘l‘QtA—{—xN))

2Vt

to know the L* rate of decrease of K,. Notice we have I' (zy) = Y5~ (Erf (2x) — 1),
and

F( ) 1/1 1 n 1 .
—(en)=—=2|— = +o0|—+ as z 0.
y N 2 \zy 223 2y N

Whence, in particular, if zy is taken large enough, we get for all zy > z,

1 N 1 < r (2n) < 1 n 3
——t—<—(z —_t —.
22y | 823 — 4 N T oy T8
Hence there exists tg > 0 also large enough such that for all ¢ > ¢y, all zy > 0, and all
Yn Z 07

F(yN+2tA+:cN>< 1 27 3( 2T )3

— —= +
2/t — 2yn+2tA+zy S \ynv+2tA+ 2y

Y
V! 3

T oyn+2tA+ay  8(t)* A3

Using that control on K, one obtains

K, (t,z,y) = Ky (t,z,y) + 2G (t,2,y)

C
< ﬁ;—i—QK(t,X—Y,xN—i—yN)

<(reeavt (- )

ynv +2tA+xy g (1)? A3

CYN 2tA 3
< 2K (t, X —-Y, x 1-—
= , ’ N+yN)< v+ 2A oy A2
CYn TN + YN 3
< 2K (t, X — Y, x
_t%—k (¢ ’ N+yN)<yN—|—2tA—|—xN+4tA2>
c 2 Ty + _ XY Py tun)? 3
= fz\ﬁvl + N/2 NN € o N N
t2 (4nt)VPyn +2tA+an 2 (4m)N2 (1) 2 A2
CYN 1 TN + YN _(entun)® _x-v? Co
= 11 -+ e 4t e at —~NiT
t 2 tN/Z yN—f—QtA—f—CCN t =2
cyn 1 TN +yn _entun)® e
= TN+l + e 4t Nz -
t 2 tN/2 yN+2tA+IN t—2

Call that (#).
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The sequence consists then in controlling (#). To do this, one refers the reader to the

reasoning done at pages |93H94] where same control has been done. Finally one obtains
that

c
) <
(&) NG
so we get
CYn C1 Ca
Ka(t,x,y)ﬁ M—f_ Nt1 N+2
2 t 2 t 2

then for ¢ large enough,

CYn
Ka (t>377 y) < N+l + N+1 + N+1 s
t =2 t =2 t =2

whence

CyN+C1
”Ka (t, '7y)HL°°<]R_’I\_]> S t}\;? 0

Remark. Notice one may show by an easy computation that the way we have extended
Up in ug is the only one which allows to obtain the Robin condition

Al (t, X, 0) — 8,1 (£, X, 0)

for all t > 0. Therefore no simpler extension of uy can be found.
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Scripts for numerical implementation

We have placed here the code we use to obtain the numerical results we have presented
along this report. The programs used are Scilab and FreeFem++ which are both free
downloadable. It is specified, at the beginning of each script which software is used.
You shall observe sometimes the symbols * * %% in comment, they indicate that the
value they follow may be changed without compromising the integrity of the script.

1. R-D equation in R* ((F12

36))

) page

26

) and ((F

19

) page

1 //(FreeFem++)

N

//The following code allows to see some R-D equations in a

rectangular domain of R2 for the reaction f(u)=u~(1+p) (1-u)

real T = 25; //Final time**x*xx*
real dt = 0.1; //Time stepx**x*x

© 00 N O U W

11 real H
12 real W
13

14 real d
15

16 //FUJITA’S EXPONENT

17 // p Fujita = pF = 2/N = 2/2 =1
18 // p<pF => systematic HTE

19 // p>pF => non-systematic HTE

20 // p=0 => logistic

3; //Height x*xx
3; //Width*x*x*x*

int n = 100; //Number of subdivisions**xx

0.01; //Diffusion intensity****

21 real p = 0; //Allee Effect intensity***x

22

int J=2; //Number of adjustments of the mesh (>0)

23 //COMPACTLY SUPPORTED INITIAL DATUM (Indicator function of a disc)

24 real x0 = 0; //x-coordinate of the disc***x*

25 real yO = H/2; //y-coordinate of the discx*x*x

26 real radius = 0.2; //Radius of the disc***x

27 real uOmax = 0.7; //Maximum of the initial datum (<1)

28 func InitialDatum = uOmax*0.5x(l+sign(radius - sqrt((x-x0)~2+(y-yO

)~2))); //Building of the initial datum

29

30 //COMPUTE TO GET A REGULAR MESH
31 real ratio = H/W;

32 int m = n*xW/H;
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33

3¢ //BUILDING OF THE RECTANGULAR MESH

35 border bottom(t = 0,1) {label =1 ; x = -W/2 + t*W ; y = 0 ;};
36 border right(t = 0,1) {label =1 ; x = W/2 ; y = 0 + t*xH ;};
37 border top(t = 0,1) {label =1 ; x = W/2 - t*W ; y = H ;};

38 border left(t = 0,1) {label =1 ; x = -W/2 ; y = H - txH ;7};
39 mesh Th=buildmesh (bottom(m)+right(n)+top(m)+left(n));
40

41 //plot(Th, wait=false); //Display the mesh

42

43 //DEFINITION OF FUNCTIONAL SPACES AND FUNCTIONS

44 fespace Vh(Th,P1);

45 Vh uO=InitialDatum;

46 Vh u=u0, v, uold;

a7

48 //PLOT THE INITIAL DATUM

49 real[int] colorhsv=[ // To plot in black & white

50 o, 0 , O, // min is in black (note min is here zero)

56 0, 0 , uOmax // uOmax is in grey (1 is in white)

52 1;

53

54 cout << endl<< endl <<"Norm L1 of u0 = " << int2d(Th) (u0) << endl

<< endl<< endl; //Display the Li-norm of u0

55

56 plot(u, nbiso=255, value = 0, dim = 2, fill = 1, wait=1, hsv=
colorhsv, cmm="Press ENTER");

57

58 //DEFINE THE WEAK PROBLEM

59 problem RD(u, v, solver=UMFPACK) //v is the test function

60 = int2d (Th) (u*v/dt) - int2d (Th) (uold*v/dt) //Estimate the time
derivative

61

62 + int2d(Th) (d* (dx(u)*dx(v)+dy(u)=*dy(v))) //Diffusion

63

64 - int2d(Th) (uold "~ (1+p)*(1-uold)*v) //Reaction

65

66 //+ on(l, u=0) //Dirichlet on the frontier boundaries (if
commented : Neumann)

67

68

69 |

70 ofstream savemin("min.dat"); //To save min and max of the solution
for each time

71 ofstream savemax ("max.dat");

72

73 //SOLVING THE PROBLEM AND SAVE MIN AND MAX

74 for(real t = 0; t <= T; t += dt){

75 uold = u; //ie. u"{n-1} = u™n
76

77 for (int j=1;j<J+1;j++)

78 {

79 RD; //Solve the problem RD
80 Th=adaptmesh (Th,u) ; //Adapt the mesh to the function u
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8t //plot(Th,wait=1); //To see how adaptmesh works...

82 }

83

84 uold=abs (uold); //To get rid of potential negative values due
to approximation

85 u=abs(u); //Idem

86

87 real umax=uold[].max; //Get the min and the max of the solution

88 real umin=uold[].min;

89

90 cout << "min = " << umin << endl;

91 cout << "max = " << umax << endl;

92

93 //real uminRounded = round(abs(umin)*100)/100; //The rounded
min and max

94 //real umaxRounded = round (abs(umax)*100)/100;

95

96 reallint] colorhsv=[ // To plot in black & white

97 0, 0 , umin, // min is in black

98 0, 0 , umax // max is in white

99 1;

100

101 plot(u, nbiso=255, value = 0, cmm="Time="+t+" min="+
umin+" max="+umax, dim = 2, fill = 1, wait=0, hsv=
colorhsv); //Plot the solution

102

103 savemin << t << " " << umin << endl; //save the solution’s min

104 savemax << t << " " << umax << endl; //save the solution’s max

105 }//END SOLVING PROBLEM

106

107 }//END OFSTREAM
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2. R-D equation on the Field-Road space R2 ((F27)) page
55)

N

© 00 N O O b W

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

25
26
27
28
29

30
31
32
33
34
35

36

37
38
39
40
41
42
43
44

// (FreeFem++)
//The following code allows to see some R-D equations on the Road-
Field space R7{2}_{+} for the reaction f(u)=u~(1+p)(1-u)

real T = 25; //Final timex*x*x*x*
real dt = 0.1; //Time step**x*x

int n = 20; //Number of subdivisions**x*x

real H = 3; //Height*xxx*x
real W 10; //Width**xx*

//PARAMETERS OF THE ROAD-FIELD SPACE

real d = 0.01; //Diffusion intensity in the Field**x*x

real D = 1; //Diffusion intensity on the Road**x*x*

real mu = 4; //Migratory equilibrium between Road and Field*xx*x

//FUJITA’>S EXPONENT

// p Fujita = pF = 2/N = 2/2 =1

// p<pF => systematic HTE

// p>pF => non-systematic HTE

// p=0 => logistic

real p = 0; //Allee Effect intensityx**xx

//COMPACTLY SUPPORTED INITIAL DATUM ON FIELD (Indicator function
of a disc)

real x0 = 0; //x-coordinate of the disc**x*x*

real yO = H/16; //y-coordinate of the disc*x*x

real radius = 0.2; //Radius of the disc***x*

real vOmax = 0.7; //Maximum of the initial datum (<1)

func InitialDatum = vOmax#*0.5*(l+sign(radius - sqrt((x-x0) " 2+(y-y0
)~"2))); //Building of the initial datum

//COMPUTE TO GET A REGULAR MESH
real ratio = H/W;
int m = n*W/H;

int NoRoad = 1; //label of truncation zones of the space (put
Neumann on that)

int Road = 2; //label of the interface of exchange (link between
Field and Road)

//BUILDING OF THE RECTANGULAR MESH

border bottom(t = 0,1) {label = 2 ; x = -W/2 + t*W ; y = 0 ;1};
border right(t = 0,1) {label =1 ; x = W/2 ; y = 0 + t*H ;};
border top(t = 0,1) {label =1 ; x = W/2 - t*W ; y = H ;};
border left(t = 0,1) {label =1 ; x = -W/2 ; y = H - t*H ;};

mesh Th=buildmesh(bottom(m)+right (n)+top(m)+left(n));
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45
46
47
48
49
50
51
52
53
54
55
56
57
58

59
60
61
62

63
64
65
66
67
68
69
70
71

72
73
74

75
76

77
78
79
80
81
82
83

84
85
86
87
88
89
90

//plot (Th, wait=false); //Display the mesh

//DEFINITION OF FUNCTIONAL SPACES AND FUNCTIONS

fespace Vh(Th,P1);

Vh vO=InitialDatum;

Vh v=v0, wl, vold; //Field’s functions (wl is test function)
Vh u=0, w2, uold ; //Road’s functions (w2 is test function)

//PLOT THE INITIAL DATUM
real[int] colorhsv=[ // To plot in black(0) & white (1)

o, 0 , O, // min is in black (note min is here zero)
0, 0 , vOmax // uOmax is in grey (1 is in white)
1 g

plot (v, nbiso=255, value = 0, dim = 2, fill = 1, wait=1, hsv=
colorhsv, cmm="Press ENTER");

//DEFINE THE WEAK PROBLEMS (FIELD & ROAD)

problem field(v, wl) //wl is the test function

= int2d (Th) (v*xwl/dt)-int2d (Th) (vold*wl/dt) //Estimate the time
derivative

+ int2d (Th) (d* (dx(v)*dx(wl)+dy(v)*dy(wl))) //Diffusion

+ int1d(Th, 2)(v*wl) //Migration Field>>Road
-int1d (Th, 2)(mu*u*wl) //Migration Road>>Field

- int2d (Th) (vold ~(1+p)*(1-vold)*wl) //Reaction

//+ on(l, v=0) //Dirichlet on the frontier boundaries (if
commented : Neumann)

//Note the u is considered as a function whom the domain is the
same as v but it does not matter because we only consider u at
the bottom frontier...

problem road(u, w2) //w2 is the test function
= int2d (Th) (u*w2/dt)-int2d (Th) (uold*w2/dt) //Estimate the time

derivative

+ int2d (Th) (D* (dx(u)*dx(w2))) //Diffusion

+ int2d (Th) (mu*u*w2) //Migration Road>>Field
- int2d (Th) (v*w2) //Migration Field>>Road

//+ on(l, u=0 //Dirichlet on the frontier boundaries (if
commented : Neumann)

{

ofstream usavemin ("umin.dat");
ofstream usavemax ("umax.dat");
ofstream vsavemin("vmin.dat");
ofstream vsavemax ("vmax.dat");
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91
92 //SOLVING THE PROBLEMS AND SAVE MIN AND MAX
93 for(real t = 0; t <= T+dt; t += dt){

94 uold = u; //ie. u™{n-1} = u'n
95 road; //Solve road problem
96

97 vold = v; //ie. u {n-1} = u"n
98¢ field; //Solve field problem
99

100 uold=abs(uold); //To get rid of potential negative values due to
approximation

101 vold=abs (vold); //Idem

102 u=abs(u); //Idem

103 v=abs(v); //Idem

104

105 real vmax=vold[].max; //Get the min and the max of v

106 real vmin=vold[].min;

107

108 real vminRounded = round(abs(vmin)*100)/100; //The rounded min
and max of v

109 real vmaxRounded = round(abs(vmax)*100)/100;

110

111 real[int] colorhsv=[ // To plot in black(0) & white (1)
112 0, 0 , vmin,

113 0, 0 , vmax

114 1 g

115

116 //GET VALUES ON THE ROAD (we need to extract the values of u
on the bottom frontier)

117 varf 0n2(u,v) = on(2,u=1);

118 real[int] on2=0n2(0,Vh,tgv=1);

119 int[int] indices2(on2.sum);

120 for (int i=0,j=0;i<Vh.ndof ;++i) if (on2[i]){
121 indices2[j] = i; ++j;

122 }

123 Vh uu=u;

124 real[int] uon2(indices2.n);

125 for(int i=0;i<indices2.n;++i){

126 uon2[i] = uwul[][indices2[i]];

127}

128

129 real umax=uon2.max; //Get the min and the max of u

130 real umin=uon2.min;

131

132 real uminRounded = round(abs(umin)*100)/100; //The rounded min

and max of u
133 real umaxRounded

round (abs (umax)*100)/100;

134

135 plot (v, nbiso=255, cmm="(Plot : FIELD) (Time = "+t+" on "+T+"
) (Min = "+uminRounded+" | "+vminRounded+") (Max = "+
umaxRounded+" | "+ymaxRounded+") (Road diffusion : D =
"+D+") (Field diffusion : d = "+d4+") (Migration
equilibrium : mu = "+mu+")", value = 0, dim = 2, fill = 1, wait
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136
137
138
139
140
141
142
143
144

=0,

usavemin
usavemax

vsavemin
vsavemax

<<
<<

<<
<<

t
t

t
t

}//END SOLVING

}//END OFSTREAM

hsv=colorhsv);

<< n n <<
<< n n <<
<< n n <<
<< n n <<
PROBLEMS

umin
umax

vmin
vmax

<<
<<

<<
<<

endl;//save
endl;//save

endl;//save
endl;//save

the
the

the
the

solution’s
solution’s

solution’s
solution’s

min
max
min
max
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3. Spreading speed for large Road diffusion ((F|37)) page
30)

0 N O 0o W

10
11
12

13
14
15
16
17
18
19
20

21

22
23

24
25
26

27
28
29

30
31
32
33
34
35
36
37
38
39
40

//(Scilab)

//The following code allows to assess with epsilon-accuracy the
value of the asymptotic speed C*=C*(\mu, d, D)=C_ast according
to the parameters \mu, d and D.

clear ()

//ACCURACY PARAMETERS

epsilon=1e-3; //Closeness to the right Cx

n=1000; //Thinness of the discretization to check the positivity
condition on phi

//DEFINITION OF FUNCTION \varphi

function y=phi(c,b)

y=(c-sqrt (cxc-CKPP*CKPP - 4*xd*d*b*b))/(2*xd) - (c+sqrt(c*xc+(4*xmuxd
*Dxb) /(1+d*b)))/(2%D);

endfunction

//ESTIMATE FOR Cx*
function result=c_ast(mu,d,D)
CKPP=2*xsqrt (d*xdx_f_zero);

//Bounds fo finding Cx*

c0=CKPP;//Value of c for which we are sure there exists no
solution

cl=dx_f_zerox*sqrt(D)+1;//Value of c for which we are sure there
exists two solutions

phi_values=zeros(l,n); //Initialisation for saving the values of
phi

//DICHOTOMOUS LOQOP
while (cl-cO>epsilon) //Repeat the loop while accuracy is not
sufficient...
c_bar=(c0+cl1)/2;

//Discretisation of the place were \beta sits for checking
positivity of phi
space=linspace (0, sqrt(c_bar*c_bar-CKPP*CKPP)/(2*d) ,n);

//Store the values of phi
for i=1:n

phi_values (i)=phi(c_bar,space(i));
end

//Check whether phi is positive
if min(real (phi_values))>0 then
cO=c_bar;

erlisie
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41 cl=c_bar;

42 end

43

44 end

45 result=c_bar; //Return the result of the function
46 endfunction

a7

48 //PARAMETERS

49 mu=1; /[ * %k k

50 d=1; //**x*xx%

51 D=10; //**%x*

52 dx_f_zero=1; //f’(0)=1

53 c¢_ast(mu,d,D)//This is a test; with \mu=d=f’(0)=1 and D=10, one
finds on Geogebra C*~=3.2

54

N NN

56 //The following concern the behaviour of C* as D becomes large; mu
and d being fixed =1. One assess C*(1,1,D) for many large
values of D then we plot (D, Cx(1,1,D)) in a LOG/LOG scale; we
expect then the point to be aligned on the graph following the
direction of y=x/2.

57

58 mu=1;

59 d=1;

60 dx_f_zero=1;
61

62 D_values=%e~(linspace(1,37,100)); //Values tested of D (adapted to
the LOG scale)

63 C_ast_values=zeros(D_values); //Initialisation of the store of
values of Cx

64

65 for i=1:length(D_values)

66 C_ast_values(i)=c_ast(mu,d,D_values(i));
67 end

68

69 LOG_D_values=log(D_values);
70 LOG_C_ast_values=log(C_ast_values);

71
72 //PLOTING IN THE LOG/LOG scale
73 clf ()

74 plot (LOG_D_values ,LOG_C_ast_values,’0o’) //plot the points

75 plot (LOG_D_values ,L0OG_C_ast_values,) //interpolate the points

76 plot ([1 37],[2 20]) //plot the line y=x/2 + 3/2 to compare the
slopes

77

78 correlation=corr (LOG_D_values ,LOG_C_ast_values ,1)/sqrt(corr(
LOG_D_values ,L0G_D_values ,1)*corr (LOG_C_ast_values,
LOG_C_ast_values ,1)); //assess the linear correlation
coefficient

79

80 [a,b,s]=reglin(LOG_D_values ,LO0G_C_ast_values); //assess the
equation’s coefficients of the line

81
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82 disp(’As D becomes large, C* evolves as ’+string(exp(b))+’ (D)~ (’+
string(a)+’). The linear correlation coefficient equals ’+
string(correlation))
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This part is dedicated to alleviate the content of this report. We announce here some
general results whom enunciation at the moment we use them may be unwelcome.

1. Fourier transform

For a function f € L' (R), one calls Fourier transform of f the function defined for all
& e R by

F1©) = F(©) = [ exp(=iag) f () da.
and one calls inverse Fourier transform of f the function defined for all x € R by
FHAE© = F @) = [ exp(+iga) £ () de.
One states now a few properties for the Fourier transform:
f is bounded and ‘f‘ < |1 fll -
m = f - g, where - denotes the pointwise product.

f may be rebuilt from f thanks to the following inversion formula:

f=tFFf]) = ]

27 T

Gaussian functions remain Gaussian through the Fourier transform: for a > 0,

7 [exp ()] = /= exp (—-€).

Assume that f € C2(R) or f € S (R), then we have

F 1) =i€f (&) and  F[["](&) =€ (9).
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2. Eigenvalues of the Laplacian

Let 2 be an open bounded regular connected set of RY (N > 1) and A € R. We consider
here the following eigenvalue problem (EP) with Dirichlet boundary conditions,

| —dAu=Xu X €,
(EP)'{U(X)zo X €0

7

whom we are reaching some couple solution (A, u), “(eigenvalue/eigenfunction)”.

Theorem 45 (Diagonalization of the Laplacian (with Dirichlet BC))

There exists an Hilbert basis (@), oy of L? (£2) and some real numbers

O< <A< < —
such that for all n > 1,
« pn € H(Q)NC=(Q), and
o (An,¥n) is a couple solution for (EP).

An is called an eigenvalue for —dA with Dirichlet boundary condition in €2, and ¢, its
eigenfunction associated.

Definition 46 (Principal eigenvalue)

The positive real Ay is named the principal eigenvalue.

Theorem 47 (Properties of the principal eigenvalue/eigenfunction)

The principal eigenvalue/eigenfunction couple (g, ¢o) owns the following properties:
e )¢ is given by the Rayleigh’s formula

2
\= min {MW} |

ueHL(Q)\{0} Jo u?

e ) is of multiplicity 1.
e (pp is of constant sign on 2, whereas it is not the case for all p; with & > 1.
o If Q = By is a centred ball of radius R, then

— (g is radial,

— | X| = ¢ (]X]) : Ry — R is a decreasing function,

— R+~ Ag is a decreasing function and lim Az = 0.
R—+o00

Remark. In the content of this report we take ¢y so that is non-negative on €2 and
H%OUHLoo(Q) =1
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3. Elliptic maximum principles

We state here the weak and strong elliptic maximum principles; to get further informa-
tions, one refers to [I3]. Let Q be an open regular connected set of RY (N > 1) and
consider the following elliptic differential operator:

N
Lu:= Zal] xx]u—i—Zb ) Ot + ¢ (X) u.
ij=1
Hypothesis 6: Take the following assumptions on the coefficient in L:
e a;j, b; and c are bounded and continuous on 2,
e for all Z,j € [[1,N]], Q5 = Ajj.

Hypothesis 7: Suppose that —L is uniformly elliptic, that is there some real A > 0
such that for every X € Q and for any vector £ € RV \ {Ogn~}, we have

N
=Y ay&ig > Mg

i,j=1

N
Remark. Note for example that Au ¥ Z 0ij0z;2;u is uniformly elliptic so one can

2,j=1
work with Lu := —Au.

Theorem 48 (Weak elliptic maximum principle)
Let ue C*(Q)NC (Q) be such that Lu < 0 in Q.

e If ¢ =0, then max u is actually achieved on the frontier 0.
Q

o If ¢ >0, then maxu is smaller than max {u,0}; in particular, if maxwu > 0, then it
Q
is actually achleved on the frontier 0S2.

Theorem 49 (Strong elliptic maximum principle)
Let ue C*(Q)NC (Q) be such that Lu < 0 in Q.

e If c = 0 and u attains an interior maximum (i.e. in Q = Q), then u is constant in .

e If ¢ > 0 and u attains a non-negative interior maximum (i.e. in 2 = €2), then u is
constant in €.

Lemma 50 (Elliptic Hopf’s lemma)
Let u € C2(Q)NC (ﬁ) be such that Lu < 0 in Q.

e If ¢ = 0 and u attains a maximum in xy € 0, then either

= 0
u=u(xg) in Q or a—z (z) > 0.

o If ¢ > 0 the latter also holds under the extra assumption u (xy) > 0.

119



Toolbox

4. Parabolic maximum principles

We state here the weak and strong parabolic maximum principles; to get further
informations, one refers to [13]. Let Q be an open regular connected set of RY (N > 1)
and consider the following elliptic differential operator:

N N
=1

1,j=1

=Lu

where the differential operator £ satisfies hypothesis [f] and [7] defined for the elliptic
maximum principles on the previous page.

Remark. Note for example one can deal with Pu := d,u — Au.
For T' > 0, we define the parabolic domain and its parabolic frontier:

Qr = (0;T] x Q and 0y = ({0} X ﬁ) U ((O;T] X 89).

Time

t=0
Q Qr 0pQr Space

Figure F42 — Illustration 1D of the domain (), the parabolic domain )y and the
parabolic frontier 0,{p.

Theorem 51 (Weak parabolic maximum principle)
Let u e CH2(Qr)NC (KTT) be such that Pu <0 in Q.

e If c =0, then maxu is actually achieved on the parabolic frontier 9,{7.
Qp

o If ¢ > 0, then max u is smaller than max {u,0}; in particular, if maxu > 0, then it
QT pSeT QT
is actually achieved on the parabolic frontier 9,{2z.

Theorem 52 (Strong parabolic maximum principle)

Let ue CH?(Qr)NC (TT) be such that Pu < 0 in Q7.

e If ¢ = 0 and w attains an interior maximum at time 7" (i.e. in {T'} x Q = {T'} x ),
then w is constant in Q7.

o If ¢ > 0 and u attains a non-negative interior maximum at time 7 (i.e. in
{T} x Q = {T} x Q), then u is constant in Q.
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Lemma 53 (Parabolic Hopf’s lemma)
Let u e C?(Qr)NC (@) be such that Pu < 0 in Q.

e If ¢ = 0 and wu attains a maximum on the frontier at time 7', that is at
(T, x0) € {T'} x 09, then either

u=u(T,x) in Qp or gz (T, x9) > 0.

e If ¢ > 0 the latter also holds under the extra assumption u (7', zo) > 0.
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Notations

C* (U,R)

C> (U,R)

C: (UR)

CH (U x V,R)

|FUNCTIONAL SETS

For U an open set of RY and k € N, set of functions f: U — R
such that the partial derivative

olel f
Ozt -+ - 0z
exists and is continuous on U, for all a € N¥ N {|a| <k}.

“R” might be forgotten if ever it would be obvious.

Intersection of all C* (U, R) i.e.

C> (U,R) := ﬁ C*(U,R).

k=0

For k € NU{oo}, set of functions in C* (U, R) which are moreover
compactly supported.

For k,¢ € N U {oo}, set of functions U x V' — R which are
both class C* with respect to the variable in U and class C* with
respect to the variable in V.

Schwartz space: subset of C* (R) whose derivatives are rapidly
decreasing, i.e.

S (R) := {f (C*™) (R,R) such that Vn € N,Vk € N,

lim |z [ ()] = o}.

|z|—o00

Gaussian or smooth compactly supported functions are for ex-
ample in S (R).
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Notations

Lr(U)

L= (U)

H' (U)

H; (U)

BUC (U)

ODE

PDE
Fisher-KPP
R-D

HTE

BC

hyp

For U ¢ RY and 1 < p < oo, Lebesgue space of measurable
functions U — R whom the integral of the p® power on U is
finite.

For U C R¥, space of measurable bounded functions U — R.

For U C RY, denotes the Sobolev space of L? (U) functions f
which own a weak derivative f’ also in L? (U).

For U C R, denotes the kernel of the trace operator:
v:H'(U) — L*(0U).

For U C RY, space of bounded functions U — R uniformly
continuous on U.

Domain of the function f.

Support of the function u, i.e. the closure of the set of points
where wu is non-zero.

Image of the function f.

| ABBREVIATIONS |

Ordinary Differential Equation.

Partial Differential Equation.

Fisher, Kolmogorov, Petrovsky, Piskunov.

Reaction-Diffusion.

Hair Trigger Effect.

Boundary conditions.

Hypothesis.
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Notations

IBP

CP

8tu

X

A1 2o oy

1] oo 0y

Ox

Integration by part.

Comparison principle.

| DIFFERENTIAL OPERATORS

Partial derivative of u with respect to the time.

Laplacian of w.

Partial derivative of u following the normal unit exterior vector
n, that is,

ou
a—n—Vu-n.

Euclidean norm of X € RY (N € N*).

Usual norm on the Lebesgue space LP (U) defined by

ey = ([57)"

“(U)” might be forgotten if ever it would be obvious.

Usual norm on the space L> (U) defined by
”fHLoo(U) = Sgp |f| :

“(U)” might be forgotten if ever it would be obvious.

| FUNCTIONS

The Dirac delta in the point X € R¥.
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Al

Lip (f)

Lip (f)

B (X, R)
14
0A

[1; N]

AN

|OTHERS|

Convolution product of f and g defined by

(/+9) (@) = [ [ (@~ y)g(y)dy.

The symbol := denotes the first definition of an element whereas
4 recalls the definition of an element defined above.

If A is a Lebesgue-measurable set, denotes then the measure of
A.

If f is a Lipschitz function, denotes then the Lipschitz constant
of f defined by

Lip (f) = mf{€ >0 /Yo,y € D(f),[f (x) = [ (y)| < ]z —yl}.

Denotes then the Lipschitz constant of f.

Open centred ball of radius R in RV.

Open ball centred on X and of radius R in R¥.
Indicator function of the set A.

Frontier of the set A.

Denotes the set {1,--- N}.

Kronecker delta defined by 4;; := { é iz ; g

A < B means that there is a positive constant ¢ = ¢ (N, d, «)
such that A < ¢B.
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E
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Fourier transform............................ 117
Fujita ... 30
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fundamental solution ......................... 83
G
growth rate per capita ............ ... ... ...... 6
H
Hair Trigger Effect (HTE).................... 25
Hair Trigger Effect on the Field-Road......... 55
heat equation ............. see diffusion equation
heat kernel on RY ... ... .. ... ... ... ... 14
heat kernelon R.............................. 14
I
intraspecific competition................... ..., 7
inverse Fourier transform.................... 117
K
KPP hypothesis ............. ... 8
KPP-type ... 24
M
Malthus ....... ... 7
maximum principles
elliptic ... 119
parabolic........... ... o 120
P
parabolic differential operator................. 21
parabolic maximum principles............... 120
population mass..............o i 16
principal eigenvalue ............ ... ... oL 118
R
TeaCtion ........ ... 3
bistable model.................. ... ... ... 10
linear model .............. ... ... ... ...... 7
logistic model........... ... ... ..o L 7
monostable degenerate model .............. 9
reaction function.................... see reaction
reaction-diffusion equation.................... 18
regularizing effect (heat equation) ............ 14
Road ..... ..o 40



S

seismic lines............ ... o oL 39

sub-solution (RM)....................o .. 21

sub-solution (Field-Road)..................... 46

super-solution (R™).............. ... ... ... 21

super-solution (Field-Road)................... 46
T

theorem

Aronson-Weinberger (HTE vs. extinction) 36
Aronson-Weinberger (Spreading speed) ... 58
Banach-Picard fixed point ................ 19
Berestycki et al. (Asymptotic spreading speed
(Field-Road)) ..., 65
Berestycki et al. (Spreading speed for large
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Cauchy-Lipschitz .............. ... ... 4
comparison principle (RY)................ 22
comparison principle (Field-Road) ........ 46
diagonalization of the Laplacian ......... 118
Fujita (1066) ... oeoveeeeeeee e 30
Global well-posedness (RY)............... 20
Global well-posedness (Field-Road) ....... 45
Hair Trigger Effect............ ... ... ... 25
Hair Trigger Effect on the Field-Road. .. .. 55
linearization (ODE).................... ... 5
Local well-posedness (RY)................ 18
U
uniformly elliptic.......... ... ... .. .. ... 119
\%
Verhulst ... 7
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